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ABSTRACT: A method of differential geometry is applied to study the transition between regular and chaotic dynamics in the classical version of the Geometric
Collective Model of atomic nuclei. The Hamiltonian of the system is expressed in terms of the curvature associated with a Riemannian metric tensor and, using
a simple algebra without the need of solving differential equations, it is possible to find the energy where unstable motion appears. We show that the
geometrical method is in agreement with a careful numerical analysis of regularity based on the measure calculated from Poincaré sections. It is also observed

Order-to-chaos transition in the Geometric Collective Model using Geometric Criteria

that the condition of stability corresponds with the changes in the shape of the boundary of the potential at a given energy (kinematically accessible region).

Geometrical method

The theory, recently developed by Horwitz et al. [1, 2] demonstrates that every Hamiltonian
with the standard kinetic term, and the potential V(2) depending only on space variables,
can be transformed to the Hamiltonian corresponding with a free motion in the curved space
(this procedure 1s the so called geometrical embedding of the Hamiltonian motion)
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described by the metric tensor of conformal form
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defined on the hypersurface £ = const. Then the geodesic motion 7* = —Tjki‘.j % with the
connection form _
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coincides with the solution of the Hamilton equations of motion of the original flat-space prob-
lem (1). Note that the connection form (3) is not compatible with the metric g;;. Nevertheless,
1t satisfies the requirements for the construction of the covariant derivative

Geometric Collective Model

The Geometric Collective Model (GCM) [3] describes vibrational and rotational dynamics
of quadrupole deformed nuclei. The mmstantancous deformation 1s determined by the Bohr
variables [ (measuring the deformation size) and + (characterizing the shape type), being
polar coordinates in the plane (z,v) of intrinsic components of the quadrupole deformation
tensor (see Fig. 1), while the orientation of the nucleus in the laboratory coordinate system
is given by three Euler angles (61, 05, 03).

The Hamiltonian H = T, + 1 + V' 1n the intrinsic frame consists of the vibrational and
rotational kinetic energy, and the potential energy of the deformation. Here we consider only
the non-rotational case T, = 0 and the potential energy up to the quartic term 1
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V=A (;1'.2 — 3;2) + Bz (;1.'2 — 3-y2) + C (-1.‘2 + 'yg) ;
where (p,,p,) are the momenta conjugated with the coordinates (z,y) and (A, B.C. {') are
adjustable parameters. The Hamiltonian can be solved both 1n classical and quantum mechan-

ics [4]. However, we focus here on the classical solution only. Without the loss of generality,
one can rescale m this case the physical units of energy, coordinate and time, and remain with

Results and Discussion

Due to the simplicity of the kinetic term (7)., the GCM is suitable for application of the
geometrical method. It is possible to solve explicitly at what energy E; the lower eigenvalue
of the stability matrix (6) becomes negative inside the kinematically accessible region
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When E < E;, the stable dynamics should be guaranteed (note that in the very low energy
region the potential can be approximated by a quasiperiodic two-dimensional harmonic oscil-
lator), while the diverging areas of negative curvature for £ > FE; are the source of instability.

The transitional energy E; 1s displayed in Fig. 2 by the thick black curve that follows
indeed the frontier of the completely regular dynamics (red color). However, a more detailed
inspection reveals that the mstability appears slightly below the line (see the Poincaré section
of the most pronounced case in panel a), and the geometrical method fails also to predict the
mstability on the rightmost side of the image. The opposite situation of enhanced regularity
mmside the regions supposedly unstable 1s observed as well, the most remarkable being the
“veins of regularity” (the red lines in the middle part of Fig. 2); other examples are demon-

strated in panels (b),(¢). These deviations can be caused by the parametric instability [5],

only one fundamental parameter of the model. and by the strong stabilizing effect of the regions with positive definite stability matrix.

It has been shown that the GCM exhibits rather complicated mterplay between order and
chaos [4] if the external parameter and the energy are varied. In order to quantify classical
chaoticity, the fraction of regularity fie, 1s introduced as the ratio of the phase-space volume
filled by regular trajectories to the total volume accessible at a given energy. This ratio can
be well approximated by the corresponding ratios on the Poincaré surfaces of section.

FIGURE 1: The plane of deformation
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e A=-1,B=1.09, C=1andE =0 (black and
green curve) represent examples of regular
and chaotic vibrations.

Another indicator of chaos based on the convexity of the equipotential curves [6]
appears to be equivalent, 1 the case of the GCM, to the geometrical approach. This 1s
depicted 1n Fig. 4. The part of an equipotential curve that 1s crossed with a region of negative
elgenvalues of V concaves towards the center of the kinematically accessible area.

Conclusions and Outlook

The analytic condition of instability (9) highly approximates the results obtained by the more
expensive technique of the fraction of regularity. In addition, since the geometrical method
1s directly related with the convexity of the potential surface shape, 1t allows for a very
convenlent estimate of the stability based only on the visual mspection of the potential. A
oreat advantage of the geometrical method 1s that 1t does not require to solve the full system
of differential equations of motion, but only the diagonalization of small matrices 1s necessary.
However, the connection between the geometrical method and the mstability of trajectories
still lacks of a general proof, and both approaches exhibit a small, but nonnegligible difference.
This difference, as well as the case of more general kinetic terms. will be addressed to a future
work. All the results of this Poster will be summarized and published in [7].
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The equation of the geodesic deviation for two neighboring trajectories & = z* — 2" reads as
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where the symbol D /Dt stands for the covariant derivative along the orbit 7 and B_"; i 1s the
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is the stability matriz and P is the projector into a direction orthogonal to the velocity .
Instability should occur if at least one of the the eigenvalues of V 1s negative.
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FIGURE 2: Complete map of classical chaos in the GCM, and selected Poincare sections. The fraction of regularity f,, is coded in colors (red = perfect
order, violet = complete chaos). The vertical axis corresponds to the absolute energy (split to parts E < 0 in linear scale and E > 0 in logarithmic scale).

The horizontal axis displays parameters A and B (the parameterization changes at white thick lines). The dashed green line marks the phase transition l f '

between deformed and spherical ground-state shapes. The black line corresponds to the convex-concave (thick lower part) and concave-convex (thin 0.0- __77_,5 /

higher part) transition in the shape of the kinematically accessible area. Note that the lower part equals to the stable-unstable transition A S '10 ' S '1 bO | '
determined with the geometric method. The yellow lines indicate the global minimum and the saddle point (E < 0), and the local maximum and -1 0 L E

minimum (E > 0) of the potential. Three selected Poincaré sections are taken from the places of the map where the unstable motion penetrates into the
supposedly stable region (panels a, d) or vice versa (panels b, c). Each section shows in total 50 thousand passages of 50 trajectories through the y =0
plane in the phase space (the scales of x and p, axes are suppressed). Points corresponding with regular (chaotic) trajectories are painted in black (red).

FIGURE 3: f ., dependence on energy E. This figure is a special cut of Fig. 2at A=-1

and B = 1.09. The red points show eight distinct energies important for the stable-
unstable evolution, discussed in Figs. 4 and 5.
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FIGURE 4. Space distribution of the negative eigenvalues of the matrix ¥ at various energies and at A=-1, B=1.09. The
red (blue) dashed line encircles the region where the smaller (larger) eigenvalue is negative. An occurrence of a
negative eigenvalue inside the kinematically accessible area (bounded by the black solid curve) indicates the instability

of the motion (see Fig. 5). Note that the passage of a negative eigenvalue region through the border of the accessible
area makes the border concave.

kinematically accessible region. The labels of the panels correspond to Fig. 3. One observes that deeply in the stable
region (panel a, E =-1) the motion is fully regular. At the stable-unstable boundary line, a small chaotic region is already
present. Panel (g) shows the situation when the border of the kinematically accessible area becomes convex again,
however the unstable motion persists due to the permanence of the negative eigenvalues inside. An unexpectedly
fully regular motion is observed in panel (h) (see the noticeable “veins of regularity” in Fig. 2).



