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Predmluva

Jak daleko saha platnost a presnost postupti, které byly doposud navrzeny ke studovani
klasickych a kvantovych mér chaosu ve fyzikalnich systémech? Jak presné lze ocekavat
souvislosti mezi klasickou a kvantovou dynamikou chaosu v neintegrabilnich systémech,
které netrivialné zaviseji na vnéjsich parametrech i na energii?

Téchto otazek se pokousi dotknout predlozena prace. Jejim hlavnim cilem je roz-
vést a hloubéji zpracovat klasickou a kvantovou dynamiku geometrického kolektivniho
modelu (od této chvile, pokud nebude fe¢eno jinak, budeme mit vzdy na mysli tento
model a budeme pro néj pouzivat zkratku GCM!), coZ je (z pohledu jaderné fyziky)
velmi jednoduchy model kolektivni dynamiky atomovych jader. Geometricky kolektivni
model byl zvolen proto, ze pres svoji jednoduchost vykazuje velice rozmanité chovani a
je na ném mozné studovat fadu rozlicnych jevi, které se dotykaji samotnych zakladt
kvantové teorie a teorie chaosu. Nasim hlavnim cilem je popsat chaotickou dynamiku
modelu v co nejvétsim rozsahu energii i vnéjsich parametrii, a proto jej budeme pouzi-
vat 1 v nerealistickém rezimu velmi vysokych excitac¢nich energii. Kromé projevi chaosu
se v GCM dale intenzivné studuji kupiikladu fazové prechody ¢i kritické dynamické
symetrie [Iac00, Iac01].

Tato doktorskd prace navazuje na vysledky diplomové prace [Str04]. V souvislosti
s diplomovou praci byl publikovan ¢lanek [Cej04]? (ptiloha I), tykajici se klasického
feseni geometrického modelu v nerotujicim pripadé. V ném byla poprvé definovana mira
regularity vyuzivajici Poincarého fezi a jejim prostifednictvim ukézano bohaté chovani
systému v zavislosti na vnéjsich parametrech.

V réamci doktorského studia byly tyto klasické vysledky rozsifeny a publikovany v
detailnéjsim ¢lanku [Str06] (ptiloha IT). Hlavni rozsifeni se tyka vypoctu miry regularity
v geometrickém kolektivnim modelu zahrnujicim rotace okolo pevné osy. V ¢lanku jsou
dale podrobné diskutovany aspekty numerickych vypocti, objevuji se v ném pohybové
rovnice v riznych parametrizacich a nové obrazové priklady velmi komplexni dynamiky
modelu. Ve studovaném modelu ¢lanek také poprvé ukazuje souvislost mezi nestabilitou
trajektorii a konkavitou hranice kinematicky dostupné oblasti.

Dalsi publikace [Str07] (ptiloha III) rozsifuje kineticky ¢len Hamiltonianu standard-
niho GCM a zkouma vliv této zmény na miru regularity.

Poté jsme obratili pozornost ke kvantové dynamice geometrického kolektivniho mo-
delu v pfipadé nulovych rotaci. Ukézali jsme, Ze model nabizi nejen moznost srovnani

LGeometric collective model.

2Technick4d poznamka k citacim. Tuénym pismem jsou citovany prace, jejichZ jsem spoluautorem
(viz seznam na strané 161, fazeny chronologicky), pficemz ¢erné [Priklad 1] jsou uvedeny ¢lanky,
které vysly v recenzovanych ¢asopisech, Sedivé [Priklad 2] prispévky do konferen¢nich sborniki a
ostatni prace. Zbyvajici citace jsou psdny obycejnym pismem [Ptiklad 3] a jejich seznam lze nalézt na
strané 153 (fazeny abecedné).
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klasické a kvantové miry chaosu, ale rovnéz umoznuje studovat spektra v riznych ty-
pech kvantovani. Ke srovnani jsme pouzili jednak standardnich metod vychazejicich ze
statistik spekter, jednak malo uzivané Peresovy metody vizualizace kvantového chaosu.
Vysledky shrnuji publikace [Str09a] (spektralni statistiky, rizné zpisoby kvantovéani
a srovnani klasické a kvantové miry chaosu, pfiloha IV) a [Str09b] (vyuziti Peresovy
metody, priloha V).

Béhem doktorského studia jsem téz spolupracoval na dvou dalsich projektech. Ty se
primo netykaji predmétu této doktorské prace, a proto se jimi zde nebudeme podrobné
zabyvat. Pro Uplnost uvedme alespon jejich struény popis.

Prvni projekt se tykd studia sofistikovangjsiho modelu interagujicich bosont (IBM?)
a srovnani jeho dynamiky s dynamikou s nim piibuzného GCM. Vypracoval jsem pro-
gram na vypocet klasické miry regularity IBM (viz ptiloha B) a pfipravil vysledky pro
srovnéani chaotickych vlastnosti obou modelti, viz publikace [Mac07a, Mac07b]. Srov-
nani kvantovych verzi modeli obsahuje prace [Mac09].

Druhy projekt, na némz jsem se podilel, pojednava o kvantovych fazovych precho-
dech. Pomoci vlastniho programu jsem spocital jednak spektra jednorozmérného ,,cusp®
systému, jednak spektra a hustoty hladin nerotujictho GCM v oblasti fazového prechodu.
Vysledky téchto vypocti jsou soucasti ¢lankt [Cejo8, Cej09al].

Vysledky vSech zminénych studii byly v pritbéhu mého doktorského studia priibézné
prezentovany na konferencich. Nékteré konferencéni prispévky byly v textové podobé
publikovény v recenzovanych ¢asopisech, viz jiz zminované ¢lanky [Mac07b, Str07,
Cej09a, Mac09], jiné byly vytistény ve sbornicich [Cej06, Cej09b, Str09c|.

Text doktorské prace sleduje hlavni oblast mého zajmu, dynamiku kolektivniho geo-
metrického modelu. Obsahuje samoziejmé vysvétleni pouzitych pristupi ke studiu cha-
osu, které, pokud to bylo mozné, jsem se snazil ilustrovat obrazky vychéazejicimi z GCM.
Vsechny obrazky, tedy i ty, které se netykaji geometrického modelu, jsou vlastni.

Prace je rozdélena nasledujicim zptisobem.

Kapitola 1 tvori tvod ke kvantovému a klasickému chaosu a lze v ni nalézt podrobny
popis metod, které byly pouzity k vypoctiim. Jedna se z velké c¢asti o nové postupy,
které se objevily teprve nedavno a nejsou jesté soucasti dostupnych monografii. Zdiraznil
bych zejména metodu SALI pro efektivni studium klasického chaosu, metodu vyuzivajici

//////

Kapitola 2 popisuje stru¢né geometricky kolektivni model jaderné dynamiky, zejména,
s ohledem na potteby této prace, ve specialnim nerotujicim rezimu. Je rozdélena na tii
casti. Prvni se vénuje zakladiim modelu. Druha rozpracovava jeho klasickou verzi a dis-
kutuje nové vysledky. Tteti cast se zabyva verzi kvantovou a srovnanim klasickych a
kvantovych mér chaosu.

Vysledky prace véetné vsech priloh uvadi kapitola 3.

Dale jsou uvedeny dodatky, do kterych byly odsunuty casti, které by narusovaly
plynulost hlavniho textu. Dodatek A uvadi vzorce pro studium dynamiky v klasické
verzi modelu interagujicich bosonti. Dodatek B je manualem k programu, ktery byl v
prubéhu této prace vytvoren a ve kterém jsou implementovany vsechny vypocty a bohaté
moznosti grafického znazornéni vysledku a jejich dalsiho numerického zpracovani.

3Interacting boson model, nékdy té7 Interacting boson approximation (IBA).



Na konci prace jsou uvedeny prilohy -V, které obsahuji kompletné pretisténé texty
dilezitych vlastnich ¢lanki, které se tykaji geometrického kolektivniho modelu a které
byly publikovany v recenzovanych casopisech. Tyto ¢lanky tvori nedilnou soucast prace
a obsahuji velkou ¢ast vlastnich vysledki, které, pokud je to mozné, nejsou jiz v hlavnim
textu prvnich tii kapitol opakovany a je na né odkazovano. Hlavni text tedy mimo jiné
vytvari most spojujici témata jednotlivych ¢lankd do ucelené formy, obohacuje je o
neékteré obrazky, které se do nich nevesly, a rozsifuje je novymi zaveéry.

S praci souviseji i webové stranky [www]|, které jsem v pribéhu doktorského stu-
dia vytvoril a které interaktivni klikabilni formou dovoluji prohlizet obrovské mnozstvi
vysledkii a tak ziskat o dynamice modelu a o pouzitych metodach ucelenéjsi predstavu.

Na zavér této predmluvy bych rad od srdce podékoval predevsim svému vedoucimu
Pavlu Cejnarovi za cenné rady, podporu a nesmirnou trpélivost, které mi prokazoval
po celou dobu studia, a své matce za peclivé precteni textu a neocenitelnou pomoc s
odstranovanim gramatickych a stylistickych chyb. Déle dékuji obéma rodi¢tim, kolegtim
a pratelim, ktefi mé podporovali at uz radou, povzbuzenim ¢i blizkosti, a ktefi se tim
nepiimo podileli i na vzniku této prace.






Kapitola 1

Klasicky a kvantovy chaos

Tato kapitola si klade za cil seznamit ¢tenafe se zakladnimi teoretickymi vychodisky,
které tvori zaklady pro tuto praci. Neklade si v zadném pripadé naroky na tplnost,
podrobny tvod do problematiky klasického a kvantového chaosu lze najit napiiklad v
obsahlych monografiich [Gut90, Haa92, Rei92, Sto99]. Zde bude zminéno pouze to, co
je pro tuto praci podstatné ¢i co se v uvedenych knihach nevyskytuje.

Prvni ¢ast této kapitoly popisuje, kde a kdy se ve fyzice zacal pouzivat pojem chaos,
a ukazuje na souvislosti, ale i rozdily v chapani tohoto pojmu oproti jeho vyznamu v
bézném svété. Druhou ¢asti se jiz naplno ponotfime do svéta fyziky. Budeme se v ni
zabyvat chaosem v klasické mechanice, zejména pak metodami rozliseni regularnich a
chaotickych trajektorii. Nejvétsi diraz je kladen na metodu SALI, metodu velice rych-
lou a efektivni. Dale nadefinujeme miru chaosu a ukazeme i meze jeji platnosti, resp.
presnosti. Zbytek této casti bude vénovan geometrickym metodam ztotoznujicim dyna-
micky systém s pohybem na Riemanovské varieté vybavené metrikou a tudiz nabizejicim
vyuzit cely aparat diferencialni geometrie.

Ve tieti casti se obratime k chaosu kvantovému. Zavedeme Brodyho parametr jako
kvantovy analog klasické miry chaosu, umoznujici do urcité miry kvantitativni srovnani
chaoticnosti klasické a kvantové verze libovolného systému. Popiseme také technické
aspekty vypoctu Brodyho parametru. Zbytek bude vénovan popisu metody vyuzivajici
Sumu ¢asovych fad vzniklych jednoduchou transformaci spektra (metodou 1/f Sumu) a
metodou Peresovych miizi.

1.1 Chaos ve fyzice

V této tvodni sekci se pokusime vymezit pojem chaos tak, jak se dnes pouziva ve fyzice
a v matematice. Hlavnim cilem je ukazat podobnosti a rozdily vii¢i intuitivnimu chapani
tohoto slova v bézném zivoté, ale také nenasilné uvést ctenare do problematiky studia
chaosu.

Pravdépodobné prvnim, kdo ve fyzice upozornil na jevy, pro které se dnes vzilo
oznaceni chaotické, byl na prelomu 19. a 20. stoleti matematik J. H. Poincaré. Do té
doby se o klasické Newtonovské mechanice predpokladalo, ze je plné schopna popsat
stav libovolného systému (a v nejctizadostivéjsim ptipadé celého vesmiru) v jakémkoliv
case, pokud budeme dostatecné presné znat pocatecni podminky kazdé soucasti uva-
zovaného systému a vsechny sily pusobici mezi nimi. Vzorovym prikladem byla v té
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dobé nebeska mechanika, kterd dokazala predpovidat polohy kosmickych téles s velkou
presnosti dlouhou dobu do budoucnosti nebo rekonstruovat jejich polohy v minulosti
a vSeobecné se mélo za to, Ze zpfresnovani astronomickych meéreni povedou k dalsimu
prodluZovéani téchto predpovédi. VéFilo se, Ze totéz plati i pro mikrosvét!.

Nebeské mechaniky se ostatné tykala zminéna Poincarého prace [Poi90], jejiz prvotni
motivaci bylo nalézt univerzalni poruchovou metodu, kteréd by umoznovala s libovolnou
presnosti spocitat souradnice libovolného poctu gravitacné se ptitahujicich téles (apro-
ximovanych hmotnymi body) v libovolném ¢ase. Poincaré ukazal, Ze tato poruchova me-
toda obecné diverguje, a to jiz v pripadé, kdy mame hmotné body tfi. Zatimco systém
dvou hmotnych bodi je zcela pravidelny a periodicky, pro tii se pii urcitych pocatecnich
polohach a rychlostech tato periodicita ztraci a objevuje se extrémni citlivost na pres-
nost poc¢atecnich podminek. Vzdalovani dvou sousednich trajektorii roste exponencialné
s ¢asem a ve chvili, kdy se jejich vzdalenost ptiblizi typickym rozmérim systému (coz
muze byt napiiklad primérnd vzdalenost jednotlivych nebeskych téles), trajektorie se
prestanou sobé nadale podobat.

Priklad citlivosti na volbu pocatecnich podminek je zndzornén na obrazku 1.1. Jedna
se o rovinny pohyb t¥{ gravitacné se pritahujicich hmotnych boda v tézisfové soustave
(vazba na rovinu je podminka vlozena z venku z diivodu snazsiho zobrazeni tohoto pri-
v panelu (b) o 0.002 % posunuta vii¢i poc¢ateéni poloze v panelu (a). Po urcity cas se
hmotné body v obou pfipadech pohybuji po vzajemné nerozeznatelnych trajektoriich.
Od urcitého ¢asu (v jednotkach naseho systému od ¢ ~ 80) se vSak stav systému (a)
a (b) zacne vyrazné odliSovat a od té doby si obé FeSeni ziji jakoby vlastnim Zzivotem.
Zatimco v systému (a) je ¢erny hmotny bod pfipoutan gravitaénim pusobenim ke zby-
vajicim hmotnym bodim, v systému (b) je od nich odmrstén. Toto je chvile, ve které se
odchylka dvou sousednich trajektorii svou velikosti ptiblizi k charakteristickym rozmé-
rim systému. Jelikoz je systém vazany, primeérna velikost odchylky nemiize dale rist.
Dalsi vyvoj obou systémt vsak bude probihat po kvalitativné zcela odlisnych cestach.

Pro jesté lepsi ilustraci tohoto pripadu je na obrazku 1.2 znazornéna i vzajemna
vzdélenost ¢ernych hmotnych bodi systému (a) a (b) v zavislosti na ¢ase t. Na obrazku
jasné pozorujeme exponencialni nartst odchylky.

Nutno podotknout, Ze tato zlomova Poincarého prace, ktera zasadila ranu iluzorni
predstavé absolutniho determinismu vesmiru a prvné ukazala na ,chaotické” vlastnosti
klasické mechaniky (a¢ Poincaré sdm slovo chaos nepouzil), ztstala irsi védeckou fyzi-
kalni komunitou nepovsimnuta. Byla v té dobé zastinéna velkymi objevy v jinych oblas-
tech fyziky, jako byly elektromagnetismus, teorie relativity a kvantova mechanika Navic
nebylo jesté mozné podat podrobnou numerickou studii, ktera by jeho zavéry vizualizo-

na poli matematiky.

Podrobné numerické vypocty se objevily az v dobé prvnich pocitaci v druhé po-
loviné 20. stoleti. Jednim z inicidtord nového sméru vyzkumu se stal E. N. Lorenz. V
této dobé publikoval prace [Lor63, Lor69] tykajici se modelovani jevi v atmosféfe po-
moci jednoduchych soustav nelinearnich diferencialnich rovnic. Narozdil od Poincarého

ITato deterministicks pfedstava nanestésti preziva dodnes, podpofena jednoduchymi uéebnicovymi
ptipady, jako jsou napiiklad pohyb volného hmotného bodu nebo matematické kyvadlo. To jsou vSak
ve skute¢nosti jen vzacné priklady opravdu presné deterministickych systému.
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Obrazek 1.1: Trajektorie rovinného pohybu tii gravitacné se pfitahujicich hmotnych bodi s
hmotnostmi m; = my = 1, mg = 0.2 a pocateénimi podminkami r; = —ry = (1,0), p; =
—py = (0,—-0.6), p; = (0,0), lisicimi se pouze u polohy ¢erného télesa (a) r3 = (0,0.5), (b) rs =
(0,0.50001). Hamiltonova funkce tohoto systému je H = 37| p?/2m; + iy mimg/ i — 7yl
energie je £ = —0.498, systém je tedy vazany. Trajektorie jsou zobrazeny pro 150 ¢asovych
jednotek systému.
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Obrazek 1.2: Diference §(t) = 'rga) (t) — r:())b) (t)| ¢erné oznacenych hmotnych bodi z obou
paneli obrazku 1.1.

prace se Lorenz vénoval systémtim nekonzervativnim, tj. systémtim, které si s okolim
vyménuji energii. Ani on ve svych tvodnich pracich nepouziva slovo chaos, setrvava
u presné matematicky zavedenych pojmii, zminuje se o nestabilité a neperiodicité jim
nalezenych feSeni diferencialnich rovnic, o turbulentnim proudéni, poukazuje opét na
citlivou zéavislost na pocatecnich podminkéach (s tim souvisi tzv. efekt motylich kiidel?,
ktery on zpopularizoval — mavnuti motylich kiidel mtze v koneéném dusledku zptisobit
tornddo®). Byla objevena spousta dalsich systémi, ve kterych je mozné chaos studovat
experimentalné. To zahrnuje napiiklad i velmi primitivni experimentalni zafizeni —
kapajici vodovodni kohoutek [Dre91, Sar94].

S rychlym rozmachem teorie nelinearni dynamiky se pro toto odvétvi fyziky postupné
zacalo pouzivat popularni, emotivné zabarvené a mytologii opfedené slovo chaos. Slova
chaos pochazi z feckého yaos, jehoz vyznam je prazdnota, bezedna hlubina. Reéti filo-
sofové toto slovo uzivali k oznaceni stavu vesmiru pred stvorenim naseho svéta, stavu,
ktery je v neustalém dialogu se svym protikladem, s fadem, a svét je prostoupen timto
napétim. V dnesni dobé se v bézné mluvé pod chaotickym stavem podle béznych vykla-
dovych slovnikti rozumi stav bez zjevného poradku, stav Gplného zmatku a nedostatku
rfadu. Ve fyzice a matematice pak je spojovan zejména s citlivou zavislosti feseni po-
hybovych (diferencidlnich) rovnic na pocate¢nich podminkéch a nemoznosti predpovédi
stavu systému na dlouhodu dobu dopfedu. Je dobré si uvédomit, ze jiz zde dochézi k
urcitému vyznamovému posunu slova chaos. Pohybové rovnice totiz byvaji dobfe znamy

2Butterfly effect.

3Na otazku, zda bylo opravdu tornddo zptisobeno malym motjlem, vSak nejsme schopni nalézt
odpovéd. K tomu bychom museli mit mit moZnost systém — zemskou atmosféru — nechat vyvijet
dvéma riznymi zpusoby: s motyli poruchou a bez ni. Ve svété se vzdy realizuje pouze jedna moznost.



1.2. KLASICKY CHAOS )

a systém se jimi bez okolktl 7idi, do hry nevstupuji zadné ,chaotické* vlivy. Z tohoto
divodu byva tento chaos nazyvan deterministicky.

Spolu s chaosem klasickym se zacal také zahy studovat chaos kvantovy, ktery ma
jesté podivnéjsi vlastnosti, které jsou v protikladu s béznym chapanim slova chaos. V
kvantové fyzice chaos jako takovy neexistuje (Schrodingerova rovnice je lineérni, existuje
jev kvantového potlaceni chaosu). Zatimco zakladnim produktem, ktery ziskdme feSenim
rovnic klasické fyziky, jsou trajektorie, v kvantové fyzice je to spektrum energetickych
hladin, ptipadné vlnové funkce. Studujeme-li soucasné klasickou a kvantovou verzi jed-
noho systému (klasickou limitu kvantového systému nebo naopak nakvantovany systém
klasicky), ukazuje se, zZe chaoticita klasického systému se na kvantové tirovni projevi ve
specifickych korela¢nich vlastnostech spektra, pficemz paradoxné spektra odpovidajici
chaotickym systémum vykazuji silnéjsi korelace nez spektra systémi nechaotickych (re-
gularnich). Pokud kvantovy systém nema klasicky protéjsek, pak se dnes dokonce jen
na zakladé spektralnich vlastnosti systému kvantovy chaos definuje. Kvantovy chaos
lze tedy studovat i v systému, jehoz klasickou limitu nezname. Dokonce i o samotném
spektru, ziskany naptiklad experimentem, lze hovorit jako o chaotickém ¢i nechaotickém.

1.2 Klasicky chaos

V této casti presnéji zavedeme veliciny tykajici se klasického chaosu a jeho méteni. Uka-
zeme, jak chaoticnost systému souvisi s neintegrabilitou, a budeme demonstrovat dva
zékladni projevy chaosu v klasické fyzice: dynamicky, ktery souvisi s jiz zminénou nesta-
bilitou trajektorii, a strukturalni, projevujici se v topologii fdzového prostoru. Vychézet
budeme z Hamiltonovy formulace klasické mechaniky a omezime se navic na konzerva-
tivni systémy, tj. systémy, jejichz Hamiltonova funkce neni explicitni funkci ¢asu.

1.2.1 Trajektorie

Jeden ze zakladnich pojmii, ktery se v klasické fyzice pouziva, je trajektorie. V zakladnim
vyznamu tohoto slova se jednd o drahu jednotlivych téles (¢éi jinych soucasti systému)
znézorfiovanou v prostoru souradnic (v konfiguracnim prostoru). Trajektorie lze ptripsat
i mnohem komplexnéjsim stupnim volnosti, napriklad v nasem pripadé geometrického
kolektivniho jaderného modelu deformacim tvaru. Pocet stupnt volnosti budeme ozna-
covat v celém dalsim textu jako V.

V Hamiltonovské formulaci mechaniky do hry vstupuji kromé souradnic ¢ = (¢1, .. ., qn)
jesté kanonicky sdruzené hybnosti p = (p1,...,pn). Zname-li Hamiltonovu funkei sys-
tému H(q, p) a pocateéni podminky, mizeme urcit soufadnice a hybnosti v libovolném
¢ase pomoci Hamiltonovych kanonickych rovnic

dg; OH dp;  0H

a jejich Casovy vyvoj znazornit carami — trajektoriemi — ve 2N-rozmérném fazovém
prostoru. Od této chvile budeme za trajektorii povazovat trajektorii ve fazovém prostoru,
pokud nebude vyslovné feceno jinak. Pro bod takovéto trajektorie v case t budeme
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v dalsim textu uzivat zkracené oznaceni x(t) = (q(t), p(t)). Hamiltonovy rovnice pak
lze souhrnné psat ve tvaru

W) @ = (5% ) (12)

=

dt op’ Ox

V nasich ivahach se omezime na specialni podtiidu Hamiltonovskych systémii, kon-
zervativnimi systémy. Jejich Hamiltonova funkce neni explicitni funkeci ¢asu a pro danou
trajektorii ma ve vsech jejich bodech stejnou hodnotu. Je tedy zachovavajici se veli¢ina.
Oznacuje se energie systému.

O Hamiltonovské dynamice se také ¢asto hovoii jako o dynamice toku: Misto jedné
trajektorie uvazujeme celou spojitou mnozinu trajektorii, kterou si lze predstavit jako
tekutinu ve fazovém prostoru. Jednotlivé trajektorie pak maji roli proudnic takovéto
tekutiny. V konzervativnich systémech je navic tato tekutina nestlacitelnd (v pribéhu
¢asového vyvoje neméni sviij objem). Toto tvrzeni se nazyva Liouvilletv teorém [Gut90].

1.2.2 Integrabilita

Integrabilita je dtlezita vlastnost, kterda od sebe oddéluje tridy regularnich a chaotic-
kych systémt. Je-li systém integrabilni, pak je zcela regularni a vsechny trajektorie pro
vSechny dostupné energie jsou stabilni.

Systém s N stupni volnosti popsany Hamiltonovou funkei H (x) je integrabilni, pokud

existuje pravé N nezavislych integralt pohybu [;(x), i = 1,..., N, pfiemz integral
pohybu je funkce, jejiz Poissonova zavorka s Hamiltonovou funkci je nulova
Y (OH I, OH I,
{HJ}EEEI(—— Lo 1) i=1,...,N (1.3)
— 8pj 8qj qu 6qj

a zaroven musi byt vSechny integraly pohybu v involuci, tj. jejich Poissonova zavorka
musi byt nulové (podminka nezévislosti integrali pohybu):

{£i;;} =0, i#] (1.4)
Integraly pohybu jsou vzdy spojeny s néjakou vnitini symetrii studovaného systému

(teorém E. Noetherové, viz napriklad [Rei92]). Jak plyne ze vztahu (1.3) a z Hamilto-
novych rovnic (1.1), zachovavaji se v case:

N
z:: (8% dt 8pj dt UL Ly =0 (1.5)

Uvazujme nyni specialni kanonickou transformaci souradnic a hybnosti. Veliciny I;
se mohou stat novymi ,hybnostmi“, ke kterym piejdeme z pivodnich (g, p) kanonic-
kou transformaci s generujici funkci S(q,I)*. Nazveme je akce. Kanonicky sdruzené

4Explicitni nalezeni této kanonické transformace viak miize byt i v relativné jednoduchém systému
velmi netrivialni problém.
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proménné nazveme thly a oznacime je 6. Hamiltonovy rovnice (1.1) pro akce a thly
zn€ji

0, OH dl,  oH _

dt oL a 06,

0, (1.6)

pficemz jsme vyuzili toho, Ze veli¢ina I; je konstantni v ¢ase. Z druhé z rovnic (1.6)
vidime, ze Hamiltonova funkce v téchto proménnych nezéavisi na thlech. Z prvni pak

vyplyva
de

E =
kde jsme oznadili w = 0H/OI. Tyto veli¢iny jsou pro danou trajektorii konstantni a
nazyvaji se frekvence.

w — O(t) =wt+ 0Oy, (1.7)

Je-li uvazovany systém omezeny (vazany), trajektorie lezi na uzavienych ttvarech s
topologii N-rozmérnych torti®, které jsou vliozené do 2N rozmérného prostoru a pohyb v
jednotlivych thlech je periodicky. Trajektorie ve fazovém prostoru jsou vsak periodické
(uzaviraji se) pouze v piripadé, je-li pomér vSech frekvenci w; racionalni. Proto se tento
pohyb nazyva kvaziperiodicky.

Hamiltonova funkce je v uvazovanych konzervativnich systémech vzdy jednim inte-
gralem pohybu, vyjadiujicim skutecnost, Ze energie takovéhoto systému je zachovavajici
se veli¢ina. Integral pohybu H sam o sobé vsak nelze povazovat za jednu z akci, jak by
nabizelo slepé nasledovani postupu v rovnici (1.6). Ackoliv totiz oznacujeme Hamilto-
novu funkci v sadach rovnic (1.3) a (1.6) stejnym pismenem H, v prvnim piipadé se
jedna o funkci 2N dynamickych proménnych @, zatimco v druhém piipadé o zcela od-
lisnou funkci N proménnych I. Pokud bychom chtéli vzit Hamiltonovu funkci za jednu
z akci, musel by vlastné byt ,funkci sama sebe”.

Na zavér jesté jedna poznamka: VSechny konzervativni systémy s jednim stupném
volnosti jsou integrabilni s jednim integralem pohybu, kterym je pravé energie dana
hodnotou H°. Nejjednodussi neintegrabilni systémy dostaneme az pro N = 2. Do této
tridy zapada také model GCM, kterému se budeme pozdéji vénovat dikladné.

Shrneme-li zavéry této casti, ukazali jsme, zZe integrabilni systém lze kanonickou
transformaci prevést na jednoduchy systém akce-tihel, ktery se ve fazovém prostoru
zobrazi jako rovnomeérny pohyb. Trajektorie tohoto systému jsou vzdy stabilni, jejich
vzdalovani je pomalejsi nez exponencialni. To znamena, ze zpresnéni pocatecnich pod-
minek vede imérné k odpovidajicimu zpresnéni reseni.

1.2.3 KAM teorém

Jak vypada dynamika systému, kde dostateény pocet integrali neexistuje? Dojde k tpl-
nému zaniku periodického pohybu, nebo periodicita zanikd postupné s rostouci ,,silou”

5Torus je topologicky ttvar, ktery vznikne z N-rozmérné krychle, pokud kazdou jeji ,,sténu“ slepime
se sténou protihlehou, pricemz zachovame orientaci. Naptiklad jednorozmeérny torus vznikne slepenim
obou konct tsecky a je identicky s kruznici. Po kruznici se ve fazovém prostoru pohybuje naptiklad
jednorozmeérny harmonicky oscilator. Dvourozmérny torus ziskame slepenim protilehlych hran ctverce;
slepeni jednoho paru vede k valci bez podstav, nasledné napojeni jeho protilehljch konctt d4 tvar obruce.

6V systémech s ¢asové zavislou Hamiltonovou funkei toto neplati. Jednim z piikladi systémi této
kategorie je ve velké mife studovany harmonicky oscilator s periodickou poruchou (kicked oscillator),
viz [Rei92]
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neintegrability? Na tyto otazky dava odpovéd KAM teorém’.

Budeme uvazovat systém s Hamiltonovou funkci
H(I,0)= Hy(I)+€eV(I,0), (1.8)

kde Hj je integrabilni ¢ast a V' je neintegrabilni porucha, jejiz sila je ddna parametrem
€. Pokud je determinant det 86121- Ig})j nenulovy, pak KAM teorém tvrdi, Ze pro dostatecné
mala e se za¢nou rozpadat pouze tory, jejichz jednotlivé frekvence w; jsou v poméru
malych celych cisel. Specialné v pripadé systému se dvéma stupni volnosti, pokud je
splnéna podminka

K
(Ina] + [na])™”
kde nq,ns jsou cela cisla a K > 0 a a > 2 jsou konstanty, trajektorie ztistava lezet na
toru, ktery je jen slabé zdeformovan poruchou V' a jeho deformaci lze spocitat porucho-
vou teorii. V opacném pripadé poruchova teorie diverguje a torus se rozpada. Dochazi
tedy k topologickym zménam ve fazovém prostoru.

|n1w1 -+ RQWQ’ Z (19)

V obecném piipadé tedy systém vyplni urcité ¢asti fazového prostoru kvaziperi-
odickymi trajektoriemi (zbytky tori), které budeme nazyvat nadéle trajektorie regu-
larni. Mezi nimi budou probihat trajektorie chaotické (nepravidelné), chovajici se er-
godicky®. Ergodicita nevylu¢uje existenci periodickych trajektorii v tomto chaotickém
mori. Téchto trajektorii je ve skutec¢nosti nekoneéné mnoho, viz [Gut90], avsak jsou
izolované a nestabilni.

1.2.4 Metody pro odliseni regularnich a chaotickych trajektorii

V ptedchozich dvou ¢astech jsme ukéazali ptivod vzniku regularnich a chaotickych tra-
jektorii obecného dynamického systému a zminili nékteré jejich zakladni vlastnosti. Zde
opustime teoretické tivahy® a popiSeme nékolik metod, které dovoluji regularni a chao-
tické trajektorie poznat a odlisit numericky. Na zakladé vzajemného poméru zastoupeni
odlisnych typu trajektorii ve fazovém prostoru pozdéji nadefinujeme méritko regularity
systému.

Tato ¢ast rozsifuje a dopliuje vyklad uvedeny v pracich [Cej04, Str06, Str07] (pie-
tistény v prilohéch I-III). V nich jsou jsou metody pro odliSeni regularnich a chaotickych
trajektorii rovnéz diskutovany a vyuzity k vizualizaci a numerické analyze geometrického
kolektivniho modelu.

Poincarého rezy

V ¢asti o KAM teorému 1.2.3 jsme ukézali, Ze zatimco regularni trajektorie lezi ve
fazovém prostoru na N-rozmérnych nadplochéach s topologii tori, tory chaotickych tra-
jektorii se rozpadaji a tyto trajektorie vypliuji zbytek (2N — 1)-rozmérné energetické

"Podle jmen tfech autort, kteif se podileli na jeho formulaci a ditkazu: Kolmogorov [Kol54], Ar-
nol’d [Arn63a, Arn63b] a Moser [Mos62].

8Ergodicita v tomto kontextu znamend, Ze kazda chaoticks trajektorie navstivi libovolné tésné okoli
libovolného bodu chaotické oblasti fazového prostoru.

9KAM teorém lze aplikovat pouze na systém, ktery mame vyjadieny v proménnych akce-tithel a navic
rozlozeny na integrabilni a neintegrabilni ¢ast. U obecného systému takovouto transformaci nemusime
byt schopni nalézt. Samotna jeji existence vSak platnost KAM teorému zarucuje.
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nadplochy fazového prostoru nezaplnéné regularnimi tory (plati navic, ze v pfipadé
N > 2 je tato chaotickd oblast vzdy jedna a je spojitd, viz [Ber84]). Provedme nyni fez
fazového prostoru nadrovinou zcela obecné zadanou rovnici

P(q,p) =0, (1.10)

pricemz kazdy priichod dané trajektorie touto rovinou v ni vyznacime bodem. Pokracu-
jeme-li projekci z této nadroviny do roviny xy, dostaneme zobrazeni fazového prostoru,
které se nazyva Poincarého vez'°. P¥ikladem nadroviny (1.10) miiZe byt napiiklad rovina

aiqi +---angn +bip1 +---bypy +c=0. (1.11)

Body vytvorené pruchody regularnich (kvaziperiodickych) trajektorii budou obecné
lezet na kiivkach, specidlni podtrida — trajektorie periodické — se pak zobrazi jako
izolované body. Chaotické trajektorie pak v rovniné zy vyplni plochu.

Uzitecnost Poincarého fezu se plné projevi v pfipadé, kdyz se omezime na konzer-
vativni systém s dvéma stupni volnosti N = 2. Jeho trajektorie lezi na tfirozmérné
nadploge vloZené do ¢tyirozmérného fazového prostoru. Rez (1.11) déle omezi jednu
soutadnici, takze pri vhodné volbé kazdy bod takto zkonstruovaného tezu jednoznacné
udava né&jakou trajektorii. Casto se voli rovina fezu go = 0 a do Poincarého fezu se
zobrazuji soufadnice (qq,p1)-

Metoda Poincarého fezii umoznuje vizualné rozlisit regularni trajektorie od chaotic-
kych. To demonstrujeme na obrazcich 1.3-1.5. Na obrazku 1.3 je znazornéna sada Sesti
trajektorii neintegrabilniho systému s dvéma stupni volnosti. Jedna se o systém geome-
trického kolektivniho modelu, ktery popiseme pozdéji v kapitole 2. Soutadnice systému
jsou oznaceny x,y, odpovidajici hybnosti p,,p,. Prvni trajektorie (¢erné) je chaoticka,
ostatni jsou regularni. Jak jsme o regularité trajektorii rozhodli? Na obrazku 1.4 (a) je
Poincarého fez fazového prostoru rovinou y = 0. Chaotickou trajektorii na fezu vskutku
nelze umistit na zadnou, jakkoliv deformovanou kiivku. Svymi body priichodu zaplnuje
celou plosnou oblast. Regularni trajektorie na kfivkach lezi. Tyto kiivky jsou vlastné
pruseciky jejich tort s rovinou fezu.

Pro porovnani a blizsi ilustraci metody Poincarého tezii je uveden jesté obrazek 1.5,
na kterém je uveden fez stejného systému, avsak tentokrat rovinou x = 0. Jak je patrné
z obrazku trajektorii 1.3, trajektorie znazornéné cCervenou, zelenou a modrou barvou
rovinu fezu x = 0 vibec neprotinaji. Systém GCM vsSak podléha urcitym symetriim
(viz kapitola 2), jmenovité je invariantni viéi pootoceni soufadnych os o thel 27/3.
Z toho vyplyva, ze trajektorie zelend a modra jsou analogiemi trajektorii tyrkysové a
fialové. Proto neni nutné je na obrazku 1.5 vySetfovat zvlast. Trajektorie cervend byla
o uhel symetrie otocena, ¢imz jsme docilili toho, Ze zacala protinat rovinu fezu. Proto
miize byt na obrazku zobrazena.

Zobrazeni Poincarého fezti se také podrobné vénuji prilohy I-11I. V priloze II je navic
demonstrovano, ze pro systémy s vice nez 2 stupni volnosti dojde k rozmyvani ostrych
hranic mezi regularnimi ostrovy a chaotickym morem okolo.

K Poincarého feziim se jesté vratime pozdéji v sekci 1.2.5 pii zavadéni kvantitativni
miry chaosu.

10Poincaré section nebo Poincaré surface of section.



10 KAPITOLA 1. KLASICKY A KVANTOVY CHAOS

X

Obrazek 1.3: Sada Sesti trajektorii, vypocitanych v geometrickém kolektivnim modelu (kapi-
tola 2) pro parametry A = —1, B =0.62, C =1, K = 1, energii ¥ = 0 a ¢as t = 1000, vse v
jednotkach modelu. Silnou ¢ernou ¢arou je ohranicena kinematicky dostupna oblast. Trajek-
torie v prvnim panelu je chaoticka, ostatni jsou regularni, lezici na deformovanych torech.



1.2. KLASICKY CHAOS 11

Obrazek 1.4: (a) Poincarého ez rovinou y = 0 geometrického kolektivniho modelu se stejnymi
parametry jako na obrazku 1.3. Pro kazdou trajektorii z obrazku 1.3 je zndzornéno odpovidajici
barvou 5000 priichodt rovinou fezu. (b) Velikost veli¢iny SALI(¢) pro ¢asy ¢ = {100, 500, 1000}
a pro 2000 trajektorii, které zacinaji na pfimce p, = 0 Poincarého fezu (a). Pro trajektorie z
chaotickych oblasti fezu pozorujeme prudky pokles velikosti SALI(t) jiz pro kratké c¢asy t¢.
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-0.51

Obrazek 1.5: Poincarého fez rovinou z = 0 geometrického kolektivniho modelu se stejnymi
parametry jako na obrazku 1.3. Pro kazdou trajektorii z obrazku 1.3, kterd protina rovinu
fezu, je znazornéno body 5000 priichodi. Cervend trajektorie byla otocena o tihel symetrie
27/3, aby rovinou fezu prochazela.

Lyapunovovy exponenty

V soucasné dobé patrné nejznameéjsi metoda rozlisujici regularni a chaotické trajek-
torie je metoda zaloZend na Lyapunovovych exponentech '!. Existuje velké mnozstvi
literatury, ktera se Lyapunovovymi exponenty zabyva, a to jak z teoretického, tak nu-

merického hlediska. Tato prace vychazi zejména z monografii [Gut90, Cvi08| a ¢lankt
[Sko01, Sko04].

V dynamickém systému je Lyapunoviv exponent definovan jako limita

1 [6(@)]]
o= lim —In——*, 1.12
2L 5] 142

kde &(t) je odchylka dvou infinitezimalné blizkych trajektorii M) (t), £ (¢) ve fazovém
prostoru v Case t, jestlize poc¢ateéni odchylka v case ¢ = 0 byla 8(0). ||-|| oznacuje
Eukleidovskou normu vektortu ve fazovém prostoru. Lyapunoviv exponent tedy udava
primerne exponencidlni vzdalovdni blizkych trajektorii. Jak bylo zminéno v ivodu k této
kapitole, nestabilni chaotické trajektorie se vzdaluji exponencialné, jejich Lyapunoviv
exponent je tedy kladny. Naopak regularni trajektorie maji o = 0. Takto definovany
Lyapunoviv exponent nemtize byt zaporny, jak bude zfejmé z dalsiho textu.

V souvislosti s uvedenou definici je zminime tii poznamky tykajici se zejména nume-
rickych aplikaci.

1V literatuie se pouzivaji nazvy (maximal) Lyapunov characteristic exponent (LCE), Lyapunov
characteristic exponent, Lyapunov characteristic number.
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e Definice (1.12) v sobé nese nejednoznacnost vyplyvajici z toho, ze vektor § mi-
cha veli¢iny rtznych fyzikalnich rozméri, coz se projevi pfi vypoctu jeho normy.
My samoziejmé mizeme souradnice g a hybnosti p vhodnou volbou jednotek na-
normovat tak, aby byly bezrozmérné (nebo mély shodny rozmér), avsak nikoliv
jednoznac¢né. Fazovy prostor lze navic rizné deformovat kanonickymi transforma-
cemi, které rovnéz ovlivni vysledny pomér mezi q a p ve vektoru 9. Z toho vyplyva,
ze Lyapunoviiv exponent, a¢ je bezrozmérna velic¢ina, je pouze kvalitativni mira a
nelze jeho prostrednictvim porovnavat chaoticitu riiznych systémi, jelikoz jeho ab-
solutni velikost je vazana na parametrizaci fazového prostoru. Jako kvantitativni
ukazatel muze slouzit pouze v ramci jednoho systému.

e V praxi uvazujeme uzaviené systémy a konecné odchylky trajektorii . V téchto
ptipadech po uritém ¢ase ty., vzdalenost trajektorii s poc¢ateéni odchylkou &(0)
dosahne velikosti systému, a tedy dalsi vzdalovani neni mozné. Uvedené limité v
definici (1.12) je tedy nutné rozumét tak, ze vypocet uvazujeme pro velké casy za
splnéni podminky ¢ < .. Doba t,,., zavisi samoziejmé na velikosti pocatecni
odchylky [|8(0)]|, s jejim zmenSovanim tato doba roste. ZmensSovani vzdalenosti
je na druhou stranu omezeno strojovou presnosti pocitace, na kterém vypocet
provadime, a také presnosti vypoctu. V praxi se proto c¢asto uziva postupu, ktery
vzdalenost priibézné zmensuje v prubéhu vypoctu, nebo se pouziva vypocetné

N 24

e V definici Lyapunovova exponentu se ¢asto navic uvadi kvantifikdtor maxsg), ne-
boli maximum pies vSechny mozné pocatecni odchylky od dané trajektorie. Pro
ruzné orientace odchylek §(0) totiz dostavame pro konecéné Casy ¢ rizné vzdale-
nosti. V limité ¢ — oo se vsak sméry ruznych odchylek, a tedy i jejich velikost,
vyrovnaji se smérem souhlasicim s nejvy$sim Lyapunovovym exponentem (diky
exponencialni zavislosti tento smér prevazi). Uvazovani maxima mé tedy vyznam
pro numerické vypocty, pro teoretické zavedeni Lyapunovova exponentu je plausi-

bilni.

Zabyvejme se Lyapunovovy exponenty podrobnéji. Hamiltonovy pohybové rovnice
systému s Hamiltonovou funkci H byly uvedeny v rovnici (1.2). Nas vSak zajima nejen
pohybova rovnice pro danou trajektorii, ale také pro velmi blizkou trajektorii sousedni,
jejiz odchylku od trajektorie @ (t) v ¢ase t udava vektor 8(t). Za predpokladu, Ze je
odchylka malé, miizeme provést Tayloriv rozvoj okolo ptvodni trajektorie a vzit jen
nulty a prvni fad rozvoje

d(x +9) ow

=W ~ —_— 1.1
P (x+0)~ W(x)+ p. 0 (1.13)
a po odecteni pohybové rovnice (1.1) zbyde
dé
— = - 0. 1.14
SR, (1.14)

Oznadili J(x) = OW /Ox a tato veli¢ina se nazyva Jacobiho matice prislusejici k W ().
Z posledniho vztahu vyplyva, ze v tomto priblizeni nezalezi na velikosti vektoru odchylky
8. Pokud totiz zavedeme novy vektor odchylek 8’ = ¢, kde ¢ je libovolné nenulové ¢islo,
tvar rovnice (1.14) ztistane naprosto stejny i pro tento novy vektor. Konstanta ¢ v rovnici
nebude nijak figurovat.



14 KAPITOLA 1. KLASICKY A KVANTOVY CHAOS

Zdiagonalizujeme-li matici J, ziskdme vlastni ¢isla A, ..., Aon a prislusné normali-
zované vlastni vektory éi, ..., ésy. Vektor odchylky v case t lze pak vyjadrit jako
2N
5(t) = cieMle;, (1.15)
i=1

kde ¢; jsou konstanty, které uréime z odchylky pocéateéni (stale je vSak t¥eba mit na
paméti, ze J, a tedy i \; a €; jsou funkci souradnic ve fazovém prostoru x a jejich pro-
stfednictvim i ¢asu). Vidime, Ze vlastni ¢isla A; tvori ,lokalni“ Lyapunovovy exponenty,
tj. Lyapunovovy exponenty pro dany bod x fazového prostoru. Tyto veli¢iny podél dané
trajektorie fluktuuji okolo primérnych Lyapunovovych exponentii o;. Navic pro né plati
tato tii tvrzeni:

e Jsou redlné, jelikoz matice J je symetricka.

e Sdruzuji se do part s opa¢nymi znaménky. To plyne z nulovosti stopy matice J a
souvisi to se zachovanim objemu fazového prostoru konzervativniho systému.

e Vzdy alespon dva jsou nulové. Nulovy je vzdy ten, jehoz vlastni vektor je tecny v
daném bodé k trajektorii (sméfuje podél trajektorie), viz [Gut90].

Metoda vyrovnavani sméru dvojice odchylek

V této sekci popiseme metodu klicovou pro nasi praci — metodu vyrovnavani smeéri
dvou odchylek SALI'2. Poprvé byla pouzita Ch. Skokosem a je prezentovana v ¢lan-
cich [Sko01, Sko04]. Dovoluje velice efektivné odlisit regularni a chaotické trajektorie
smiseného dynamického systému i v pripadé€, Ze chaoticita dané trajektorie je velice
slaba, tak slaba, ze napfiiklad podle Poincarého fezu ¢i podle pribéhu samotné tra-
jektorie bychom hadali, Zze se jedna o trajektorii regularni. SALI metoda je navic pii
praktickém numerickém pouziti robustnéjsi a rychlejsi. Tim tvori silnou alternativu k
Lyapunovovym indextim a k dalsim metodam, které byly v Gvodu této Casti prace zmi-
nény. Oproti metodé Poincarého tezl jeji vyhoda zase spociva v tom, zZe ji lze pouzit i
v pripadé systémil s obecnym poctem stupnd volnosti.

Uvazujme dva rtzné vektory odchylek 5(1)(15), 6@ () od trajektorie ve fazovém pro-
storu, popsané vektorem x(t). Budeme se zajimat pouze smér o odchylek, a tak mizeme
vektory v kazdém case ¢t normalizovat
2(4)

)

)= —2- j=1,2. (1.16)

Navic se omezime na piipad, ve kterém na pocatku nejsou vektory odchylek paralelni ani

A1 a(2
antiparalelni, tj. skalarni souin 8 (0)-8" (0) # =1, jinak mohou byt libovolné. Jednou
moznosti, ktera se jevi i vyhodna pro numerické vypocty, je volit vektory navzajem kolmé
mifici podél dvou soutadnych os ve fazovém prostoru.

Definujme nyni paralelni index

2(1)
dp(t) =

0

)(t)H (1.17)

128maller alignment indices.
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(nulovy v piipadé, Ze vektory mifi stejnym smérem) a antiparalelni index

2(2)

&) = 16V @) + 8

(t)H (1.18)

(nulovy pro navzajem opa¢né vektory). Mensi z obou indextt ozna¢ime'?

SALI(t) = min {dy(t), du(t)}, (1.19)

pti¢emz hodnota této veli¢iny mtize leZet v intervalu 0 < SALI(t) < V2 (meze odpovidaji
pripadu, kdy vektory 5(j) jsou vzajemné rovnobézné, resp. kolmé).

Intuitivné lze ocekavat, Ze s rostoucim casem t se budou vektory 5(]), 7 =1,2 po-
stupné otacet do sméru nejsilnéjsiho kladného Lyapunovova exponentu o;. Jejich sméry

se tedy budou vyrovnavat a jejich soucet ¢i rozdil bude klesat k nule. Toto tvrzeni nyni
dokéazeme.

Turzeni:

t—o0

Pro chaotické trajektorie plati SALI(t) —— 0, pfi¢emz pokles je exponencidlni s
Casem, zatimco pro trajektorie regularni SALI(¢) nepfestava pro ¢ — oo fluktuovat
okolo nenulové hodnoty.

Dukaz:

Jak bylo feceno v sekci 1.2.4, lokalni Lyapunovovy exponenty \; jsou realné a jejich
soucet je nula. Pfedpokladejme nyni, ze primérné Lyapunovovy exponenty

(1.20)

jen nepatrné fluktuuji podél trajektorie x(t) okolo hodnot \; a lze je tedy témito lokal-
nimi exponenty aproximovat. Vezméme dva vektory odchylek 6, 8@ a dvé nejvétsi
vlastni ¢isla A\; > As. Diky exponencialni ¢asové zavislosti budou pro dlouhé doby ostatni
vlastni ¢isla zanedbatelna. Dostavame tedy priblizné

dV(t) ~ feMte + e, j=1.2, (1.21)
a po normalizaci
, () Mt s () Aot 5 () ()
S(J)(t) _ CIJ eMlé; + 023 eMte, ~ Clj' &+ CQJ' e(&f)\l)té? (1.22)
\/ng)zeQ)qt + ngﬂez,\gt ‘ng) cgj)

pred vektorem é; muze nabyvat jen hodnot £1. P¥i vypoctu SALI

a1 . . , . (1) a2
bereme miniméalni velikost ze souctu a rozdilu vektori 6 °, &

Koeficient cgj ) / ’cgj )

! podle vztahi (1.17),

13Tato definice objasiiuje anglicky nédzev metody.
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(1.18). Minima dosdhneme, pokud se pfispévky u é; odectou. Pak dostdvame konecny
vyraz
o) D
SALI(t) ~ min | —2— & 2|22 || &y || = ceP2) |8y . (1.23)

’ cg 1) 052)

Jelikoz A\; > Ay, dochézi s rostoucim ¢asem ¢ k exponencidlnimu poklesu velikosti veli¢iny
SALI(%). V ptipadé systémi s dvéma stupni volnosti existuje nejvyse pouze jeden kladny
Lyapunoviv exponent. Pak je Ay = 0 a tvrzeni rovnéz plati. V pripadé, ze \; = Ay, pak je
nutné vzit do avahy dalsi nejvyssi Lyapunoviv exponent. Diikaz by byl v tomto pripadé
analogicky.

Numericky prfiklad chovani a aplikace SALI(t) pro systém s dvéma stupni volnosti
je uveden na obrazku 1.4 (b). Kazdy bod na ose x odpovida trajektorii, jejiz poc¢atecni
podminky lezi na piimce p, = 0 Poincarého fezu panelu (a). Pro regularni trajektorie se
SALI(t) drzi velkych hodnot a s rostoucim ¢asem nevykazuje zadny systematicky posun,
jen oscilace. Naproti tomu pro chaotické trajektorie tato veli¢ina rychle klesne nékdy az
k hodnotam pod 10716, coZ jiz je za hranici strojové piesnosti viypoctu.

”}W‘N T T

)H

log SALI

-5
-104

o 500 Itl " 1000

Obréazek 1.6: Casovéa zavislost SALI(t) v systému geometrického kolektivniho modelu pro
trajektorie z obrazku 1.3.

Pro presnéjsi ilustraci ¢asové zavislosti SALI(¢) uvadime jesté obrazek 1.6. Tato
zavislost je na ném znazornéna pro vybrané trajektorie z obrazku 1.3 v odpovidajicich
barvach. Na tomto obrazku pozorujeme nejen dobfe patrny exponencialni pokles SALI
pro chaotickou trajektorii (¢ernd ¢ara), coz je v souladu s vysledkem (1.23), ale také
periodicitu pro trajektorie regularni, ktera vylucuje strmy pokles k nizkym hodnotam
bez navratu zpét.

Pii praktickém pocitani SALI nam jde zejména o to rozhodnout, zda je dana trajek-
torie regularni ¢i chaotickd. Podle vzorce (1.23) by stacilo nechat bézet vypocet dosta-
tecné dlouho, dokud hodnota SALI klesne pod urc¢itou velmi nizkou hodnotu, napiiklad
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pod 1071, Co vsak znamens dostateéné dlouho pro regularni trajektorie a jak vitbec
rozlisit regularni trajektorie od chaotickych, pro které je exponencialni pokles SALI
velice pozvolny? Z toho diivodu modifikujeme algoritmus tak, abychom i tyto dva pii-
pady dokazali odlisit v co nejkratsim vypocetnim cCase. Pii vypoctech tykajicich se této
prace jsme toho docilili nasledujicim postupem: Sledujeme okamzity trend SALI a také
jeho oscilace. Pokud SALI klesa dostatecné rychle a nedochéazi k oscilacim, charakte-
ristickym pro regularni trajektorie, vyhodnotime trajektorii jako chaotickou. Pokud se
naopak SALI trajektorie dlouho drzi ve vysokych hodnotach a osciluje, pak trajekto-
rii oznacime za regularni. Pro systém geometrického kolektivniho modelu, ktery tvori
hlavni objekt vypocti této prace, ndm v praxi staci primérné fadové 10 az 100 casovych
jednotek, abychom byli schopni rozhodnout, zda je trajektorie chaoticka. Pro trajektorii
regularni je to vice, avsak ziitkakdy musime pocitat déle nez 1000 casovych jednotek.

Dalsi metody

Na zavér této casti zminme nékolik dalsich metod, které dovoluji prakticky rozhodnout,
zda je dana trajektorie regularni ¢i chaoticka. Nasledujici vycet si neklade naroky na
uplnost a je zpracovan podle ¢lanku [Sko01], kde jsou uvedeny i dalsi reference.

Kromé metody Lyapunovovych indexii a metody SALI existuji tedy jesté tyto me-
tody:

e Laskarova metoda frekvencéni analyzy [Las92], vychazejici z vypoctu frekvenéniho
spektra konecného casového tuseku trajektorie a vhodnad pro systémy s mnoha
stupni volnosti. Pro periodické orbity takto jednoduse nalezneme charakteristické
frekvence systému, zatimco trajektorie neperiodické (chaotické) vykazuji spektrum
spojité.

e Studium spekter deformacnich ¢isel'* [Vog94]

16(t + Ad)
6@

(Casovy interval At mezi odchylkami je velmi maly) vychéazejicich z lokdlnich Lya-
punovovych exponentt. K rozhodnuti o periodi¢nosti ¢i chaoticnosti trajektorie
staCi zavést tzv. dynamické spektrum deformacnich ¢isel, coz je hustota pravdé-
podobnosti nalezeni specifické hodnoty «

a(t) = In (1.24)

1 dN(a, a + dav)

S(o) = N do ’

(1.25)

pticemz N je celkovy pocet hodnot «, ze kterych vybirdme, a dN (o, o + da) je
pocet hodnot v uvedeném rozmezi.

e Rychly Lyapunovsky ukazatel® [Fro97] vylepsuje metodu Lyapunovovych expo-
nentd tim, ze na pocatku zvolime ortonormalni sadu 2/N normalizovanych vektort

Hgtretching numbers
15fast Lyapunov indikator
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odchylek 5(]), 7 =1,...,2N tvorici bazi ve fazovém prostoru a v kazdém kroku
vypoctu bereme odchylku s nejvétsi normou:

FLI(t) = sup HSO)H .
J

(1.26)

Stejné jako pii vypoctu Lyapunovovych exponenttt FLI(¢) roste k nekoneénu s ros-
toucim casem, avsSak pro chaotické trajektorie exponencialné a mnohem rychleji
nez o. Zrychleni vypoctu je disledkem toho, Ze néktera z odchylek musi byt od
pocatku orientovana do sméru nejrychlejsiho roztahovani fazového objemu. Nevy-
hodou je samoziejmé vyssi casova naroc¢nost této metody.

1.2.5 Regularni ¢ast fazového prostoru

Doposud jsme se zabyvali pouze jednotlivymi trajektoriemi. Zavedli jsme metody, které
nam dovoluji urcit, zda je trajektorie regularni nebo chaoticka, avsak zatim neumime
fici, ,,jak moc” je systém chaoticky. Definici celkové miry chaoti¢nosti systému pti dané
energii se budeme vénovat v této ¢asti. Ukazeme pfitom dva odlisné postupy.

Prvni zptisob kombinuje moznosti Poincarého fezii a metody SALI. Jak je patrné
z obrazki Poincarého ezt 1.4 (a) a 1.5, oblasti vyplnéné zbytky tort tvoii ostrovy re-
gularity v chaotickém mofi a jsou od nich oddéleny hranici (bfehem). To nabizi moznost
vypocitat pomeér plochy fezu zaplnéné regularnimi ostrovy S, ku celkové plose fezu
pokryté trajektoriemi Sy
Sreg
Stot ‘

Tuto veli¢inu nazveme reguldrni ¢ast Poincarého rezu.

freg = (1.27)

Cely vypocet tedy probiha timto zptsobem:

1. Oblast Poincarého fezu si rozdélime pravothlou mfizi na oddélené bunky stejné
velikosti.

2. Najdeme prvni bunku mfize, ktera lezi v kinematicky dostupné oblasti a nebyla
dosud zasazena zadnou trajektorii.

3. Uvnitt této bunky nagenerujeme pocatecni podminku a spustime vypocet trajek-
torie.

4. Trajektorii poc¢itame tak dlouho, dokud SALI metoda nerozhodne o jeji regularité
¢i chaoticnosti.

5. Vsem bunkdm mfiize, které tato trajektorie protnula v pribéhu vypoctu SALI,
pritadime podle jejich charakteru hodnotu 1 v pfipadé regularni trajektorie, 0
v piipadé chaotické. Pokud jiz néjaka z técho bunék byla oznadena diive'S, ozna-
¢ime, Ze byla zasazena znovu a jakym typem trajektorie a na zavér spocitame
prumér (napiiklad 2 zasaZeni regularni a 4 zasaZeni chaotickou trajektorii dava,
ze tato builka prispiva do fye; hodnotou 2/6 = 1/3).

6Toto mitiZe nastat z divodu koneéné velikosti bunék.
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6. Postupné prochazime vsSechny bunky mfize a postup opakujeme od bodu 2 do té
doby, nez projdeme kazdou kinematicky dostupnou bunku alespon jednou.

7. Na zavér secteme hodnoty ve vSech kinematicky dostupnych burkach a vydélime
poc¢tem bunék. Hodnota, kterou obdrzime, aproximuje feg.

Na mrizi o velikosti 100 x 100 bunék, kterou budeme nejcastéji pouzivat, je potieba
rozhodnout o regularité priblizné 300 trajektorii v ptripadé, ze je systém plné regularni,
a jednotek az desitek trajektorii v pfipadé, zZe je systém velmi chaoticky s freg ~ 0.

Stejné jako v pripadé Lyapunovovych exponenti, i u této metody je potfeba zminit
nékteré aspekty jejiho numerického pouziti:

e Chaotické more ve skutecnosti obsahuje hustou sif izolovanych periodickych tra-
jektorii [Gut90]. Tyto trajektorie jsou vSak nestabilni — v jakkoliv tésném jejich
okoli lezi trajektorie chaotické. Také pocet prichodti téchto periodickych trajekto-
rii rovinou Tezu je vic¢i po¢tl prichodt chaotickych trajektorii mnozina miry nula.
V praxi, generujeme-li pocateéni podminky ndhodné, se pravdépodobnost zasahu
nestabilni periodické trajektorie blizi nule.

e Pii vypoctu postupujeme tak, ze celou kinematicky dostupnou oblast Poincarého
fezu pokryjeme miizi a kazdou jeji buntkou vedeme trajektorii. Poté urc¢ime, ko-
lika buitkami prochézeji regulérni trajektorie, a tato hodnota je tmérna S,eq, pri-
¢emz konstanta imérnosti je plocha jedné buiky. Stejnym zptsobem celkovy po-
¢et bunek zasazenych jakoukoliv trajektorii udava Siy. Diskrétnim délenim samo-
ziejmé dochézi k rozmazani hranic regularnich ostrovii a smazani celych ostrovi,
které jsou na Poincarého fezu mensi nez velikost bunky. To znamena, Ze chyba této
metody roste s ,,délkou biehti regularnich ostrovli a naopak klesa pti zjemnovani
miize.

e V obecném systému muzeme zvolit vice rovin Poincarého fezu (1.10). Je zfejmé, ze
pro ruzné fezy bude f., vypoctené podle definice (1.27) nabyvat riznych hodnot.
Miizeme vSak oc¢ekavat, Ze pro vhodné zvolené fezy (naptiklad takové, které zadna
trajektorie nemiji) budou hodnoty regularity podobné. To je demonstrovano na
obrazku 1.7, kde je zndzornéna zavislost f.; na vnéjsim parametru systému pro
fixni energii. Pro dva zcela odlisné Poincarého tezy — roviny x = 0 ay = 0
— se hodnoty regularni c¢asti Poincarého fezu lisi v jednotkach procent, ptricemz
nejvétsi odlisnosti jsou pozorovany pro A — 0. Jak vSak vidime na panelu (b),
pro zmensujici se velikost parametru A protind fez x = 0 stile mensi a mensi
pocet trajektorii (jedna se o trajektorie podobného typu, jako je zobrazena na
obrazku 1.3 zelené). Pro A = 0 tento fez jiz viibec neexistuje.

Jelikoz kazdy bod Poincarého zobrazeni urcuje jednoznacné trajektorii pouze v pii-
padé systému s dvéma stupni volnosti N = 2, lze tuto metodu pouzit jen na tyto
ktera by garantovala jedine¢nou piislusnost bodi k trajektoriim. To znamena, ze zcela
mizi jasnd hranice mezi regularnimi a chaotickymi oblastmi. Je sice mozné Poincarého
fez neznazornovat do roviny, ale do vicerozmérného nadroviny, kde by jednoznac¢nost
pritazeni bodi k trajektoriim ztistala zachovana, tim ovSem vyrazné roste naroc¢nost na
numerické zpracovani, a také se zcela ztraci vyhoda snadné vizualizace.
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Obrazek 1.7: (a) Zavislost regularity v systému geometrického kolektivniho modelu na vnéjsim
parametru pii energii £ = 0. Pro B = (0, 1) je voleno skalovani A = —1, pro vyssi hodnoty na
horizontalni ose je skdlovani A = (—1,0), B = 1 (skdlovani bude vysvétleno pozdéji v ¢asti 2.1).
Cernou a dervenou Carou je zndzornén vypocet freg pomoci metody Poincarého fezii (miiz
100 x 100 bodt) s odhadnutou chybou A fiee = 0.02, zelené je oznafen Freg (Niot = 625)
s chybou AF,es = 0.04. (b) Kinematicky dostupna oblast pii skalovani B = 1 s parametrem
A = —0.02 (¢ernou souvislou ¢arou) a zndzornéni rovin Poincarého fezti pouzitych pii vypoctu
freg (Cernou a Eervenou prerusovanou ¢arou).

V pripadé systémi s vice stupni volnosti se jako vyhodnéjsi ukazuje druhd metoda.

Ta spociva v tom, Ze v souboru N, trajektorii s ndhodné generovanymi pocateénimi
)

podminkami pii dané energii uré¢ime pomoci SALI metody pocet N, trajektorii regu-

larnich. Podil
_ Nigg

® Ntot
pak udava pro dostatecné velky soubor trajektorii regularni ¢ast z celkové oblasti fazo-
vého prostoru, kterou systém vyplnuje. V tomto pripadé 1ze pfimo odhadnout i chybu
1

AF,y = ——. 1.29
5 N (1.29)

Pro srovnani je i veli¢ina Fi., zakreslena do obrazku 1.7. Je vidét, Ze i tato zcela
odlisna metoda dava kvalitativné zcela shodné vysledky jako metoda pomoci Poincarého
fezi. Kvantitativni odchylky jsou opét v fadu procent.

F, (1.28)

Tato metoda vsak také neni prosta nejednoznacnosti. Jeji skryty predpoklad spociva
v tom, Ze je nutné trajektorie vybirat rovnomérné z energetické nadplochy ve fazovém
prostoru. Toho mize byt v praxi obtizné docilit, zejména u vicerozmérnych systémi.

Kdy jsou tedy jednotlivé metody vhodné? Metoda regularni ¢asti Poincarého fe-
zu (1.27) je vyhodné v piipadé systému se dvéma stupni volnosti. Po¢itame-li na miizi
100 x 100 bodi, sta¢i ndm jednotky (zcela chaoticky systém) az stovky (zcela regularni
systém) trajektorii, pficemz vyslednd pfesnost je v fddu jednotek procent. Pro srov-
natelnou pfesnost, uzijeme-li metodu (1.28), potfebujeme jiz trajektorii fadové tisice.
Od poctu trajektorii se samoziejmé odviji i ¢asova naroc¢nost vypoctu. Pokud se vsak
zajimame o systémy s vice stupni volnosti, druha metoda ztistane jako jedina pouzitelna.
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1.2.6 Geometricky pristup ke klasickému chaosu

Pti studiu chaosu v klasické fyzice se nabizi vyuziti metod diferencialni geometrie, které
umoznuji pohlizet na trajektorie hamiltonovského systému jako na geodetiky na Rieman-
nove varieté vybavené prislusnou metrikou a umoznuji zkoumat vztahy mezi kiivosti této
variety a chaoti¢nosti systému. My zde budeme sledovat postup navrzeny L. Horwitzem
a kol. [Hor07]. Aplikaci geometrickych metod ukdzeme jednoduché kritérium, na zakladé
kterého lze rozhodnout, zda je neintegrabilni systém regulérni ¢i chaoticky.

Uvazujme nejprve specidlni typ Hamiltonovy funkce

1
H=—g.(q)p"p" v =1+ N, (1.30)

2m
kde g,, je metricky tenzor (objekt symetricky vii¢i zaméné indext). V metrice je ulo-
zena veskera informace, kterd udéava dynamiku tohoto systému. Rovnice (1.30) popisuje
vlastné pohyb volné castice po varieté v zakiiveném prostoru. Slozky vektoru hybnosti
jsme oznacili feckymi pismeny, abychom odlisili od hybnosti Hamiltonovy funkce na plo-
chém Eukleidovském prostoru. Uzivame zde sc¢itaci konvenci, sc¢itame vzdy pres stejné
oznaceny index nahote a dole.

Ze znalosti metrického tenzoru lze odvodit rovnici pro odchylky sousednich trajekto-
rii, a tim vlastné pro Lyapunovovy exponenty. Nejprve vyjadiime slozky afinni konexe!”

1
Lo = 59" (Gpas = Gasp + 9op.a) (1.31)
a z ni Riemannuv tenzor kiivosti

.

KA1

=TI”

KA

RP

KA

+ T I, —T9,I7 . (1.32)

K™ o

Cérka mezi indexy je obvyklé oznaceni pro parcialni derivaci podle pfislusné souradnice.
Derivujeme podle vSech soutadnic uvedenych za carkou,

0A~
Pohybova rovnice pro systém s Hamiltonovou funkei (1.30) zni
dg* dg® dg”
T e LT (1.34)

a2 o ar =

a jedna se o rovnici geodetiky!® ¢astice pohybujici se na Riemannové varieté. Odchylka
dvou blizkych trajektorii se bude vyvijet podle rovnice geodetické deviace, nazyvané
v literatufe také Jacobiho-Levi-Civitova rovnice [Pos83|. Lze ji odvodit z pohybovych
rovnic (1.34) a mé tvar

D? dg® _, dg”
—0° po N = 1.35
dr? R dr = dr 0, ( )
kde 7 je afinni parametr splnujici
dr? = g,,d¢"dq” (1.36)

17 Afinni konexe umoziiuje na libovolné varieté provadét transformaci soufadnic.
18Geodetika je trajektorie volné astice na zakiiveném prostoru.
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a 0" jsou slozky vektoru geodetické deviace. Absolutni derivace (oznacované také jako
derivace ve sméru) D/d7 je definovana vztahem

DA*

dr

o dz?
= (A'j;) + Fgo_A ) E (137)

Jacobiho-Levi-Civitova rovnice je geometrickou verzi rovnice pro odchylku (1.14).
ktera dava do souvislosti stabilitu geodetiky s kiivosti variety. Na zakladé vektoru devi-
ace lze vypocitat aplikaci defini¢niho vztahu (1.12) Lyapunoviv exponent. Touto cestou
se dale ubirali autofi ¢lanka [Cas93, Pet93], ktefi podrobné vypracovali teorii chaosu na
zakiivenych prostorech. Lyapunovovym exponenttim se vénuje prace [Cas96, RamO01].
Aplikaci na jednoduchy neintegrabilni systém (Siroce studovany Hénontiv-Heilestiv mo-
del) popisuje prace [Cer96]. Porovnava pouziti geometrické metody s jinymi metodami
a nachézi dobrou shodu ve vysledcich.

Hamiltonova funkce vSak byva ¢astéji nez s metrikou (1.30) zadana s kinetickym
¢lenem nezavisejicim na soufadnicich a tvoricim kvadratickou diagonalni formu a s po-
tencialnim c¢lenem nezavisejicim na hybnostech

2

p
H=—++V(q). 1.38
LV (1.35)
Ptevod na tvar (1.30) je zalezitosti volby vhodné metriky. To lze provést nékolika zpi-
soby, z nichz v literatufe se nejcastéji pouzivaji tyto:
e Jacobiho metrika
g =2[E = V(a)] b, (1.39)

pii jejimz pouziti a ptfi vhodné parametrizaci afinniho parametru pomoci ¢asu
prejde rovnice geodetiky (1.34) na Newtonovu pohybovou rovnici. Tim se vSak
vytrati gemetrickd struktura prostoru.

e Fisenhardtova metrika rozsifujici konfiguracni prostor o ¢asovou soutradnici a o sou-
fadnici spojenou s akci

dr? = —2V/(q)dt* + 6, dg"dq” + 2dtdg" . (1.40)

My pouzijeme jinou konformni metriku, kterd explicitné zavisi na energii

E
G = 57 O 1.41
Pro ni ma rovnice geodetické deviace jednoduchy tvar [Hor07]
D2%,6
VPI =0 1.42
qz TYPe=0 (1.42)
kde afinni konexe je
1
Ml = 59" Gap.p, (1.43)

2

P je projektor do sméru ortogonalniho k rychlosti v* = dz#/dt v daném bodé a slozky
matice V jsou dany vztahem

3 1

Vw = 755VuVo + M

TV V. (1.44)
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Jeji vlastni ¢isla oznacime )\g), j=1,...,N.

Horwitz a kol. [Hor07] navrhuji jednoduché kritérium stability systému pfi dané
energii: Jsou-li vSechna vlastni ¢isla matice V kladna v celé kinematicky dostupné ob-
lasti konfiguracniho prostoru, systém je stabilni. Pokud se alespon jedno z nich objevi
zaporné, ukazuje to na pocinajici nestabilitu; systém zacne byt chaoticky. Tvrzeni lze
rovnéz preformulovat pomoci Riemannova tenzoru kiivosti (1.32) a z néj odvozeného
Ricciho tenzoru R, = Rﬁ . @ skalarni kiivosti R = RJj. V feci tenzoru krivosti zaporna
kiivost v libovolné ¢asti kinematicky dostupné oblasti indukuje nestabilitu.

Tato metoda byla nedavno testovana na dvourozmérnych modelech Hénonova-Heile-
sova systému a systému vazanych kvartickych oscilatorti [Zio08] a rovnéz na t¥irozmér-
nych systémech [Zi007]. Ve v8ech pfipadech byla pozorovana dobra shoda s referenénimi
metodami umoziujicimi také odhalit chaoticitu (zejména s metodou Poincarého fez).

Tato prace poskytuje velice detailni studii této metody pro geometricky kolektivni
model. Jak ukdzeme v dalsi kapitole v sekci 2.2.3, navrzené kritérium do velké miry
souvisi s kfivosti hranice kinematicky dostupné oblasti. Je-li v jakémkoliv misté tato
hranice konkavni, znamend to, ze dovniti pronika zvenci oblast zapornych vlastnich
¢isel matice V a v systému se tedy objevuji chaotické trajektorie. Ukazeme vsak také,
ze kritérium dava pouze pfribliznou, nikoliv za vSech okolnosti presnou hranici mezi
regularitou a chaosem. Pfesto je tato metoda dobrym ukazatelem mozné nestability,
navic velmi jednoduchym na vypocet, ktery spociva vlastné jen v nalezeni vlastnich
hodnot velmi malych matic.

1.3 Kvantovy chaos

Tato prace si klade za jeden z cilti srovnani chaotickych vlastnosti mezi klasickou a
kvantovou mechanikou. Zavedeni klasického chaosu bylo predmétem predchozi c¢asti.
Nyni postoupime déale smérem k chaosu kvantovému.

Kvantova mechanika je linearni teorie. Spektrum Hamiltonianu je diskrétni, z ce-
hoz vyplyva, ze casovy vyvoj libovolného stavu je kvaziperiodicky, navic je popsan jev
kvantového potlaceni chaosu [Eis94, Aba98, Fin96]. To znamend, Ze je nutno pouzit
jinych metod nez v klasickém pripadé. Byl zkouméan casovy pribéh prekryvu vinovych
balikt pii evoluci generované Hamiltoniany H a H + 0 H (0 H predstavuje malou poru-
chu) [Per84b], dalsim navrhem bylo studovat rozplyvani vinového baliku v zavislosti na
Case [Bal98, Bal02] (tento postup ukazal paralely s deformovanim svazku trajektorii ve
fazovém prostoru a umoznil definovat kvantovy analog Lyapunovova exponentu). My
vsak budeme sledovat pouzivanéjsi postupy vychéazejici ze spekter kvantovych systémi
a jejich statistik, jak bylo naznaceno jiz v tvodni ¢asti 1.1.

Statistické postupy smyvaji individualitu jednotlivych hladin, coz mtize byt nékdy na
skodu. Zatimco v klasické fyzice jsme byli schopni rozhodnout, zda je dana trajektorie
praci ozivime metodu navrzenou A. Peresem [Per84al, kterd umozni mimo jiné vizualné
odlisit skupiny regularnich stavii od chaotickych.

Studium kvantového chaosu je tzce spjato s vlastnostmi nahodnych matic, zejména
se statistickymi vlastnostmi jejich vlastnich hodnot a vlastnich vektort. Koncept na-
hodnych matic se v matematické statistice objevil jiz béhem tricatych let 20. stoleti.
Do fyziky vSak pronikl az v letech padesatych v souvislosti se snahou popsat vysledky
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experimentl s neutronovymi rezonancemi v jaderné fyzice. Idea byla jednoduchéa: Ha-
miltonidn pro tyto rezonance (vysoce a blizko u sebe lezici excitace jadra) je jiz tak
slozity, ze elementy jeho maticové reprezentace (v néjaké zvolené bazi) lze povazovat za
ndhodna ¢isla a jedinym omezenim jsou obecné symetrie systému. Soubor matic s tako-
vymito elementy nazveme nadhodné matice.

Teorie ndhodnych matic samoziejmé nepopise samotné energetické hladiny systému,
avsak poskytne vhled do korelaci a dalsich statistickych zakonitosti spekter. Po objeveni
aplikaci této teorie ve fyzice byla podrobné rozpracovana zejména F. J. Dysonem a
E. Wignerem. Je systematicky vylozena v M. L. Mehtou v klasické monografii [Meh04],
ktera se dockala jiz tfetiho vydéani (poprvé byla vydana v roce 1967).

Tato ¢ast dopliiuje a rozsifuje prace [Str09a] (spektralni statistiky) a [Str09b] (Pe-
resova metoda), které jsou uvedeny v pfilohach IV a V a které tvori neoddélitelnou
soucast tohoto textu.

V prvnim odstavci této ¢asti popiSeme specialni transformaci, tzv. unfolding'?, ktery
je nutno provést pred zkoumanim univerzalnich statistik vychazejicich z oscilujici ¢asti
hustoty hladin a odrazejicich chaoti¢nost ¢i regularitu systému. Unfolding odstrani mo-
delové zavislou hladkou c¢ast hustoty hladin experimentalné nebo numericky ziskanych
spekter, ¢imz se spektra prevedou do tvaru, ve kterém je stfedni vzdalenost mezi hladi-
nami konstantni a jednotkova.

V nasledujicim odstavci 1.3.2 zavedeme nejuzivanéjsi statistiku pro unfoldované spek-
trum — rozdéléni vzdalenosti nejblizsich hladin.

V odstavei 1.3.3 zminime zakladni vlastnosti spekter ndhodnych matic s dirazem
na matice vybrané z tzv. Gaussovského ortogondlniho souboru (GOE)?, ktery popisuje
jednak systémy zaroven c¢asové a rotacné invariantni, jednak systémy casové invariantni
a rotacné neinvariantni s celo¢iselnym spinem. Podle Bohigasovy hypotézy [Boh84| se
statistické vlastnosti jejich spekter shoduji se statistikami spekter kvantovych systémi,
pokud je jejich klasicky protéjsek zcela chaoticky. Naopak spektra kvantovych systémii,
jez maji integrabilni (plné regularni) klasické protéjsky [Ber77]*!, budou uvedena v sekci
casti 1.3.4.

Jak bylo ukdzano v ¢asti o klasickém chaosu, obecny systém muze byt smiseny, tj.
muze vykazovat zaroven jak regularni, tak chaotické chovani. Za timto tcelem navrhl
T. A. Brody [Bro73] rozdéleni, které uméle (bez jakéhokoliv hlubsiho matematického
zduvodnéni) interpoluje mezi nejuzivanéjsi statistikou vzdalenosti nejblizsich hladin sys-
témi nahodnych matic a systémt odpovidajicich klasickym integrabilnim systémtm.
Toto rozdéleni tvoii zaklad pro analyzu kvantové—klasické korespondence a bude mu
vénovan podrobné odstavec 1.3.5.

Ve zbyvajicim textu této ¢asti zminime dalsi statistiky (¢ast 1.3.6) a metodu mé-
feni kvantového chaosu pomoci charakteristického 1/ f Sumu ve spektralnich fluktuacich
(¢ast 1.3.7). Kapitolu uzavieme odstavcem 1.3.8 popisujici metodu Peresovych miizi.

evvs

zustaneme u anglického vyrazu.

20Gaussian orthogonal ensemble.

21Prace [Boh84] a [Ber77] tvoii dva zakladni pilife mostu mezi klasickou a kvantovovu chaotickou
dynamikou.
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1.3.1 Unfolding

Hustota hladin naméreného nebo na zakladé néjakého modelu vypocitaného spektra ma
obecné c¢asti: hladkou ¢ast p a ¢ast oscilujici p:
p(E) = p(E) + p(E). (1.45)

Na obréazku 1.8 (a) je zobrazena ¢ervenou ¢arou aproximace hladké ¢asti spektra, které
je znazornéno cerné ve spodni ¢asti panelu.

O tom, zda je systém chaoticky ¢i regularni, rozhoduje vSak oscilujici ¢ast [St099].
Hladkou c¢ast je potfeba odstranit. K tomu slouzi procedura zvana unfolding, ktera
pretransformuje spektrum tak, aby jeho hladka c¢ast byla konstantni.

a c
104 (@) 104 (©
P p
5. 5.
0+ 0-
0 A A AR 0
-50 0 50 0.0 05 1.0
E E
1.0 1.0
(b) (d)
R
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0.12 0.12
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Obrazek 1.8: Procedura unfoldovani spektra ziskaného z ndhodné matice ze souboru GOE
rozméru 1000 x 1000. (a) Vlastni hodnoty matice (¢erné) a aproximace jejich hustoty (Gervené),
spoc¢itané pomoci histogramu s 20-ti intervaly. (b) Distribu¢ni funkce vlastnich hodnot (&erné)
a prolozeny polynom 5. stupné (Cervené). Ve vnitinim obrazku je znazornén detail distribuéni
funkce. (c) a (d) ukazuje totéz jako (a) a (b), avsak pro polynomem unfoldované spektrum [na
obrazku (d) je body distribu¢ni funkce prolozena pfimkal.

Jednu z nejcastéji nejpouzivanych procedur unfoldingu lze sledovat na obrazku 1.8.
Na panelu (a) je energetické spektrum koneéného kvantové chaotického systému, ob-
sahujici n = 1000 hladin. Hustota hladin je nejvyssi uprostied spektra, pficemz jeji
hladké ¢ast ma teoreticky tvorit pulkruh. Distribu¢ni funkce rozdéleni hustoty hladin,
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definovana jako
1 n
R(E)=—-) 0(F—FE; 1.46
()= 3 08 - E) (1.46)

(0 je skokova funkce s hodnotou 0, resp. 1, pokud je jeji argument zéporny, resp. kladny),
je znazornéna na panelu (b) ¢ernou ¢arou. Cervend je znazornéna aproximace distribu¢ni
funkce. Pokud zname teoretickou zavislost hladké ¢asti hustoty hladin (napfiklad pro
zobrazeny soubor hladin je to pilkruznice), a tedy i hladkou ¢ast distribuéni funkce, je
nejvyhodnéjsi volit prave ji za aproximaci. Ve vétsiné redlnych pripadt vSak teoretickou
funkci nezname a voli se tudiz néjaka univerzalni aproximace, nejcastéji polynomialni.
Pro nazornost jsme tuto aproximaci pouzili i my. ProloZeny polynom patého fadu p(FE)
je znazornén na panelu (b) cervené.

Nyni tuto aproximaci prohlasime za hladkou ¢ast hustoty hladin p(E) = p(E). Nové
unfoldované spektrum pak ziskdme transformaci

E; = p(E;). (1.47)

Toto spektrum bude mit hladkou ¢ast své hustoty jednotkovou p'(E’) = 1, jak lze
pozorovat i z panelu (¢). Pro srovnani je kone¢né distribuéni funkce pro unfoldované
spektrum na panelu (d).

Kromé polynomialniho unfoldingu 1ze pouzit i jiné metody. Pfehled téch nejpouzi-
vanéjsich je uveden v ¢lanku [Ple02].

1.3.2 Rozdéleni vzdalenosti nejblizsich hladin

V této casti zavedeme nejuzivanéjsi techniku statistického zpracovani spektra — rozde-
leni vzdéalenosti nejblizsich hladin (NNS?2). Pro unfoldované spektrum udéva vzdalenosti
nejblizsich hladin veli¢ina

s; = E, — E] i1=1,....,n—1. (1.48)
Rozdéleni téchto vzdalenosti tedy podchycuje kratkodosahové korelace ve spektru. Jeho

normalizovanou hustotu pravdépodobnosti oznac¢ime Pyns(s). Hustota je rovnéz norma-
lizované ke stfedni hodnoté (toto je splnéno diky unfoldingu). Plati tedy

[ Posions =1 [ sPos(s)ds = 1. (1.49)

Odhad hustoty pravdépodobnosti NNS rozdéleni mtizeme ziskat z vybérovych hodnot
nakreslenim pfislusné normalizovaného histogramu. Pro systém z obrazku 1.8 je histo-
gram zobrazen cernou ¢arou na obrazku 1.9. 1000 unfoldovanych energetickych hladin
je zde rozdéleno do 20-ti intervali histogramu, ktery je zobrazen cerné.

Vénujme se chvili teoretické predpovédi hustoty pravdépodobnosti rozdéleni vzda-
lenosti nejblizsich sousedt. Jiz na zdkladé pozorovani (napf. neutronovych rezonanci
méfenych na jadrech), a jednoduchych avah E. Wigner navrhl pro kratkodosahové ko-
relace spekter nasledujici tvrzeni?:

22Nearest neighbour spacing.
ZSoubor téchto dvou tvrzeni se v literatuie nazyva Wigner surmise.
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Obrazek 1.9: NNS rozdéleni ziskané numericky jako histogram s dvaceti intervaly (¢erné) pro
spektrum z obrazku 1.8 a srovnani s pfibliznou teoretickou zavislosti (1.50) (Cervené).

e NNS rozdéleni hladin se stejnym spinem a paritou ma hustotu pravdépodobnosti
m T2

Pyw(s) = 5 se 1% (1.50)

pficemz s = S/D je relativni vzdalenost dvou hladin vztazena ke stfedni vzdale-
nosti D v celém souboru (za predpokladu, Ze stfedni vzdélenost je v celém souboru
konstantni). Unfoldované spektrum ma D = 1.

e Hladiny s riiznymi hodnotami spinu nebo parity jsou nekorelované.

V praxi tedy musime rozdélit hladiny do mnozin sdruzujicich stavy se stejnymi kvanto-
vymi c¢isly. Teprve ty pak nezavisle statisticky zpracujeme a mtizeme porovnat s rozde-
lenim (1.50).

Soubor hladin z obrazku 1.8 odpovida chaotickému systému. Jeho rozdéleni NNS
muzeme tedy porovnat s Wignerovym predpokladem. To je u¢inéno na panelu (b) ob-
razku 1.9, kde je Wignerova zavislost znazornéna cCervenou ¢arou. Pozorujeme dobry
souhlas, odchylky jsou dtsledkem statistického zpracovani pouze konecného mmnozstvi
hodnot s;.

Na zavér této ¢asti uvedme malé pozorovani. Podle rozdéleni (1.50) je velmi mala
pravdépodobnost nalezeni hladin blizko u sebe. Diky tomu se iké, Ze se sousedni hladiny
,odpuzuji®.

1.3.3 Statistiky gaussovskych souboru

V tuto chvili se zamérime na teoretické predpovédi pro spektra a korelace ve spektrech
nahodnych matic odpovidajicich ¢asové invariantnim systémim s celoc¢iselnym spinem
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nebo ¢asové a rotacné invariantnim systémtim se spinem poloc¢iselnym. Soubor téchto
matic je definovan na prostoru matic realnych symetrickych. Oznacime jej GOE. Jaka-
koliv matice H, ma-li pattit do tohoto souboru, musi splinovat nasledujici pozadavky:

1. Soubor GOE je invariantni vii¢i transformaci
H— O HO (1.51)

kde O je libovolna ortogonéalni matice. To jinymi slovy znamend, ze zavedeme-li
pravdépodobnost vyskytu matice H v souboru a oznacime-li ji P(H)dH, ortogo-
nalni transformace tuto pravdépodobnost neméni:

P(H')dH' = P(H)dH. (1.52)

2. Jednotlivé nezavislé elementy matice H (tj. elementy H;;, ¢ < j) jsou rovnéz
statisticky nezavislé?*. Hustotu pravdépodobnosti lze tedy faktorizovat:

P(H)dH = [ [ P(H;;)dHy;. (1.53)

Za platnosti téchto pozadavki ma nejobecnéjsi vyjadieni pravdépodobnosti P(H) tento
tvar [Meh04]:
P(H) :e—aTrHQ—&-bTrH—f—c, (154)

kde a > 0, b, ¢ jsou realné konstanty. Tento vzorec objastiuje, pro¢ ma soubor ve svém na-
zvu privlastek Gaussovsky: pravdépodobnostni rozdéleni jednotlivych elementti matice
méa podle néj Gaussovo normalni rozdéleni.

Pro tuto praci nas nejvice zajima hustota pravdépodobnosti rozdéleni vzdalenosti
nejblizsich hladin. Ta pro matice ze souboru GOE zavisi na jejich rozméru a da se jedno-
duse vyjadrit pouze pro pfipad n = 2, kdy je shodna s Wignerovym rozdélenim (1.50).
Déle se vSak ukazuje [Meh04], Zze zavislost na rozméru, a¢ situaci komplikuje, je velice
slab&, rozdily mezi kiivkami pron = 2 an — oo jsou v fadu desetin az jednotek procent,
coz byva mnohem méné, nez jaka je velikost statistickych chyb danych pfi numerickém
vypoctu konecnosti mnoziny hladin, kterou mame k dispozici. Proto se v praxi bézné
pouziva Wignerovo rozdéleni i pro systémy s vétsimi maticemi nez n = 2.

Kromé ortogonalniho souboru GOE se jesté zavadéji dalsi dva zakladni soubory na-
hodnych matic, a to unitarni Gaussovsky soubor GUE pro ¢asové neinvariantni systémy
a symplekticky Gaussovsky soubor GSE pro ¢asové invariantni, ale rotaéné neinvari-
antni systémy s poloCiselnym spinem. Pro tplnost uvedme pouZivané aproximace pro
normovana rozdéleni vzdalenosti nejblizsich hladin téchto soubort:

32
PGUE(S) ~ F 826_%82

64\° s
Pese(s) =~ ( ) slemon (1.55)

9

24To znamena, ze ve fyzikalnim systému piedpokladdme stejnou pravdépodobnost (vahu) vsech zi-
¢astnénych interakci. Toto je vSak velmi omezujici predpoklad, a proto byly vybudovany i takové sou-
bory ndhodngch matic, které jej oslabuji [Meh04].
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Tyto vztahy jsou analogem jiz uvedeného Wignerova rozdéleni, platné exaktné pro ma-
tice rozméru 2 x 2. Jsou vsak dostatecné presné pro matice vetsi.

Spektra s rozdélenim (1.50) a (1.55) jsou znézornéna na obrazku 1.10 (a). V okoli
s =~ 0 plati
1
P{GOE} ~ 8{‘21}7 (1.56)

GUE
GSE

odpuzovani sousednich hladin je tedy nejvyssi pro soubory GSE.

Pro studium kvantového chaosu a kvantové-klasické korespondence je velmi dilezité
tvrzeni prvné formulované v ¢lanku [Boh84|: Spektrum libovolného kvantového systému,
jez bylo rozdeleno na skupiny podle kvantovych cisel a jehoZ klasicky protejsek je zcela
chaoticky, md NNS rozdéleni totozné se spektrem nahodnych matic naleZejicich souboru
GOE, GUE nebo GSE podle symetrii systému.?> Na zakladé tohoto tvrzeni a na zaklads
jeho bohatych experimentalnich potvrzeni byl uc¢inén zasadni krok, oddélujici definici
kvantového chaosu od klasické fyziky. Dnes se kvantovy systém prohlasuje za chaoticky,
pokud NNS rozdéleni jeho hladin odpovida rozdéleni jednoho ze zminovanych souborti.
Klasickou limitu viibec nemusime znét.

Na zavér této casti jesté prozradime, ze spektrum znazornéné na obrazku 1.8 bylo
ziskano jako spektrum nahodné matice ze souboru GOE.

Dalsi vlastnosti v8ech téchto soubort lze nalézt v monografii [Meh04].

1.3.4 Regularni systémy

Podobné jako bylo pro chaotické systémy formulovano Bohigasovo tvrzeni, v kvantovych
systémech, jejichz klasicky protéjsek je regularni, bylo dokazano ze rozdéleni vzdalenosti
nejblizsich sousedi se ¥idi Poissonovym rozdélenim?®

Pp(s) =e %, (1.57)

viz [Ber77, Ber87|%". Poissonovo rozdéleni maji naptiklad hladiny, které jsou zcela na-
hodné rovnomeérné rozmisténé na urcitém intervalu. Hladiny regularnich systémi jsou
tedy mezi sebou méné korelované nez u systémi integrabilnich.

Hladiny, jejichz NNS ma Poissonovo rozdéleni, jsou znézornény rovnéz na obraz-
ku 1.10. Obrazek ukazuje, ze Poissonovské spektrum mé nejvice shlukd hladin a hladiny
jsou nejnerovnomeérn€ji rozdelené. To je diisledek chybéjici interakce mezi hladinami.

1.3.5 Smisené systémy

Kromé zcela integrabilnich systémi na jedné strané a zcela chaotickych — ergodickych
— na strané druhé jsme v klasickém pripadé ukézali, Ze existuji jesté systémy na pomezi

25Toto tvrzeni se oznacuje jako Bohigas’ conjecture.

26Toto tvrzeni vlastné neni protikladem k Bohigasové hypotéze, nybrz jeho doplnénim. V integrabil-
nim systému je totiz kazda hladina tvofi vlastni ,skupinu® popsanou jednoznac¢nou sadou kvantovych
¢isel. Poissonovo rozdéleni tedy ziskame i v pripadé, kdyz budeme délat statistiku spekter chaotickych
systémii, ve kterych jsou smichany hladiny s riiznymi kvantovymi cisly.

2TPro systémy se dvéma stupni volnosti souvislost mezi integrabilitou a kvantovou dynamikou, ve
které vzdalenosti sousednich hladin maji Poissonovo rozdéleni, ukazal jiz Gutzwiller [Gut70].
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Obrazek 1.10: Spektra (a) a hustoty pravdépodobnosti vzdalenosti nejblizsich sousedu (b) pro
Poissonovo rozdéleni a pro zakladni soubory nahodnych matic GOE, GUE a GSE. Hladiny jsou
transformovany tak, aby Fy = 0 a aby stfedni vzdélenost mezi hladinami byla jednotkova.
Zobrazeno je 100 hladin pro kazdy soubor.
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— KAM systémy. Jaka bude statistika vzdalenosti nejblizsich hladin odpovidajicich
kvantovych smiSenych systémi?

Teorie ndhodnych matic nedava zadny kli¢ k zodpovézeni této otazky. Percival [Per73]
ukazuje, ze ¢asti spektra, odpovidajici zbytkiim tori, a casti spektra egodickych oblasti
jsou statisticky nezavislé®®. Z toho vyplyva, Ze v sekvenci hladin jsou superponovany
hladiny s Wignerovskym rozdélenim pfes hladiny s Poissonovo rozdélenim vzdélenosti

nejblizsich sousedti. Na zakladé této myslenky bylo navrzeno Berryho-Robnikovo rozde-
leni [Ber84].

V praxi se v8ak mnohem vice ujalo Brodyho rozdéleni [Bro73] (viz také snaze do-
stupnéd publikace [Bro81]), které interpoluje mezi rozdélenim Poissonovym a Wignero-
vym pro GOE soubor. M4 tvar

Pa(s;w) = (w + DN, 82 e N (1.58)

)]

kde w je parametr nabyvajici hodnot mezi w = 0 (pak rozdéleni pfesné odpovidé Pois-
sonovu) a w = 1 (kdy dostdvame rozdéleni Wignerovo). A, je normalizacni faktor a T’
je Eulerova gamma funkce. Jako ilustrace je zde uveden obrazek 1.11, kde je pro nékolik
Brodyho parametri znazornéna odpovidajici mnozina hladin. Se vzristajici hodnotou
Brodyho parametru mizi shluky hladin (postupné narista interakce mezi hladinami).

No

Brodyho interpolace mezi Poissonovym a Wignerovym rozdélenim je uméle zave-
dend bez jakékoliv fyzikalni motivace. Vykazuje vlastnosti, které nesouhlasi se zna-
mymi teoretickymi zavéry pro vzdalenosti sousednich hladin spektra smiseného sys-
tému. Jmenovité se jednad naptiklad o asymptotiku Pg(s ~ 0;w) ~ s*. Tyto vlastnosti
lépe popisuje zmitiované Berryho-Robnikovo rozdéleni® (teoretické i numerické srov-
nani Brodyho a Berryho-Robnikova rozdéleni a aplikace druhého z nich nabizeji ¢lanky
[Pro94, Pro98, Pro99]). Na druhou stranu existuji prace, které ukazuji, Ze se jedna mi-
nimalné o velmi dobrou aproximaci [Che90], ktera fenomenologicky spravné vystihuje
napiiklad vztah mezi rozdilnymi momenty tohoto rozdéleni.

Brodyho parametr tedy tvoii ,miru® chaoti¢nosti kvantového systému a miize byt
pouzit (¢i lépe jeho doplnék 1 —w) k piimému srovnani s klasickou regularni ¢asti fazo-
vého prostoru fres (1.27). Nelze ocekavat pfesnou kvantitativni shodu (uz jen s ohledem
na neurcitost v metodé vypoctu freg, popisovanou v ¢asti 1.2.5). Kvalitativni shoda byla
pozorovana, nebo o ni 1ze usuzovat na zakladé praci studujicich smisenou dynamiku na-
ptiklad na Robnikové bilidrdu [Rob84, Gom05], dalsich bilidrdech [Cs094, Li02] nebo na
systému vazanych oscilatori [Hal84, Zim86|. Tyto systémy obsahuji vnéjsi nastavitelny
parametr, jehoz zménami lze postupné monoténné prechazet mezi integrabilnim a zcela
chaotickym pripadem. Tomu, jak je ukazano, odpovidd monoténni zména parametru w.

Pokud méame u zkoumaného systému k dispozici vzdalenosti nejblizsich hladin s;
s Brodyho rozdélenim s parametrem w a hleddme-li tento parametr, vyhodnéjsi nez

28Podle tivah piedchozich ¢4sti toto znamena, ze hladindm, které odpovidaji zbytkim tort, by bylo
mozno priradit jakasi ,pfiblizna“ kvantova cisla.

29Kromé Berryho-Robnikova rozdéleni bylo na zakladé jinych teoretickych vichodisek jesté zkonstru-
ovéano Caurierovo-Grammaticosovo-Ramaniho rozdéleni [Cau90] a Lenzovo-Haakeho rozdéleni [Len91],
obé vSak pouze pro matice velikosti 2 x 2. Srovnanim v8ech téchto rozdéleni (véetné rozdéleni Brodyho)
na modelu vazaného izotropniho oscildtoru se zabyvé prace [Bar99].
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Obréazek 1.11: Spektra (a) a hustota pravdépodobnosti vzdalenosti nejblizsich sousedd (b)
pro Brodyho rozdéleni s riznymi parametry w. Hladiny jsou tranformovany stejné jako na
obrazku 1.10. Piipad w = 0 odpovida Poissonovu rozdéleni, w = 1 Wignerovu rozdéleni.
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hustotu pravdépodobnosti (1.58) se ukazuje pouzit distribuéni funkci Brodyho rozdéleni
Rp(s;w) = / Pg(s';w)ds’ =1 — e Moo (1.59)
0

Tu muZzeme odhadnout veli¢inou

n

Ru(s) = %Z@(s—si), (1.60)

i=1

kde n je celkovy pocet vzdalenosti s;. Pomoci tohoto odhadu uréime parametr w x?

fitovanim?°.

Dilezitym bodem je otazka chyb, ktera v literatufe byva casto opomijena. Smé-
rodatna odchylka Brodyho parametru o, totiz mutze byt velka i pri relativné dobré
statistice s;. My jsme se pokusili chybu odhadnout a vyuzili k tomu postup opirajici se
o generovani souboru hodnot se znamym Brodyho parametrem wy, a naslednym zpra-
covanim x? fitem (tzv. metoda vstupné-vystupni funkce). Generovani a fitovani jsme
mnohokrat opakovali, ¢imz jsme mohli urcit jednak stfedni hodnotu fitovanych gy,
jednak zévislost smérodatnych odchylek na Brodyho parametru o, (w). Stfedni hodnota
Wous DY se méla limitné priblizovat vstupni hodnoté wy,, coz je splnéno, jak pozorujeme
na obrazku 1.12. Smérodatna odchylka roste s velikosti Brodyho parametru, pfi¢emz pro
Wignerovsky pfipad w = 1 je priblizné dvojnasobné nez pro Poissonovsky w = 0, viz
také obrazek 1.13, kde je velikost smérodatnych odchylek zobrazena pro rizné velikosti
souborti. Pri malé statistice n = 50 hodnot je smérodatna odchylka az 0.3. Vypocty
v geometrickém kolektivnim modelu, jejichz vysledky budou uvedeny v dalsi kapitole
v casti 2.3.4, byly pocitany s n = 1000, kdy je smérodatné odchylka zhruba desetkrat

mensi!.

(@) n=250 (b) n=1000

('Oout mout
1.0- g 1.0- o
P A
> /E n
g A
ye A
0.5 H// 0.5 s
e /1 L
e /5 T
_ e
A
0.0 %H 0.0{ =*
00 05 1.0 0.0 05 1.0
. .
n n

Obrazek 1.12: Vstupné-vystupni funkce pro Brodyho rozdéleni v pfipadé statistického souboru
on =50 an = 1000 hladinidch. Rozdéleni bylo generovano a nasledné zpracovano pro kazdy
bod grafi 1000-krat, ¢imz byly ziskany stfedni hodnoty a smérodatné odchylky.

300dligna metoda, vyuzivajici specidlni transformaci, po které staci fitovat linearni zavislost, je po-
pséana v ptiloze IV.

31Metoda vstupné-vystupni funkce predpokladé, ze vstupni hodnoty maji Brodyho rozdéleni. To
obecné nemusi byt splnéno, a tudiz skuteéna smérodatna odchylka bude vyssi nez o, (w).
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Obrazek 1.13: Zavislost smérodatné odchylky pii fitovani Brodyho parametru pro rizné ve-
likosti statistickych souborti. Pfi aproximaci linedrni regresi je a&nzm) (w) = 0.14w + 0.13,

Ufszloo) (w) = 0.096w + 0.089 a denzlooo) (w) = 0.029w + 0.027. Obréazek koresponduje s pied-

chozim obrazkem 1.12.
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1.3.6 Dlouhodosahové korelace

Mezi dalsi statistiky, pouzivané v teorii nahodnych matic a v teorii kvantového chaosu,
patii ty, které popisuji dalekodosahové korelace ve spektrech. Narozdil od NNS statis-
tiky, ktera zachycuje pouze korelace mezi sousednimi hladinami, jsou dalekodosahové
korelace ,,citlivéjsim“ néastrojem umoznujim objevit odchylky experimentt ¢i numeric-
k{ch modelii od teoretickych piedpovédi, které NNS nerozligi32.

Nasim tucelem bylo zavést spektralni statistiky k tomu, abychom byli schopni kvan-
tifikovat mnozstvi chaosu ve smisenych systémech, ve kterych spolu chaos a regularita
jici zavést miru pomoci Brodyho parametru w. Rozsifeni na dlouhodosahové korelace
(coz v sobé zahrnuje i nalezeni statistiky, kterd, podobné jako Brodyho rozdéleni v pii-
padé NNS, interpoluje mezi regularnim a chaotickym pfipadem) mutize byt pfedmétem
budouci prace. Zde se dalekodosahovym korelacim nebudeme podrobné vénovat.

Zminme vsak alespon nejpouzivanéjsi statistiky, pouzivané k popisu dalekodosaho-
vych korelaci. Patfi mezi né tzv. number variance X2 a As statistika, nékdy nazyvana
také statistika nejmensich étvercti®®. Méné ¢asto se pouzivaji napiiklad F-statistika nebo
A-statistika, uziteéné zejména pii zpracovani experimentalnich hodnot, nebot umoziiuji
detekovat chybéjici nebo naopak nadbytecné hladiny ve zpracovavaném spektru. Vice
o dalekodosahovych interakcich pojednavaji [Bro81, Meh04].

1.3.7 1/f Sum

Posledni statistickd metoda, kterou uvedeme a kterda byla navrzena teprve nedévno
ke studiu kvantového chaosu, vychazi z charakteristickych vlastnosti sSumu ve fluktu-
acich vzdalenosti nejblizsich hladin. Zaklady metody, jeji teoretické odvozeni a nume-
rické studie jsou vylozeny ve ¢lancich [Rel02, Fal04, Gom05]. Dalsi aplikace ukazuji
prace [San05, Rel06]*.

Metoda vychéazi ze standardnich postupt analyzy casovych fad. Pro unfoldované
spektrum E!, viz (1.47), vypocitame vzdalenost sousednich hladin s; a na jejim zakladé
zavedeme casovou radu

Ok Z(si—@) k=1,....n. (1.61)

JelikoZ po unfoldingu plati (s) = 1, je vyraz roven
o = Bl — B, — k. (1.62)

Pro tuto fadu napocitdme pomoci Fourierovy transformace jeji frekvencéni spektrum a
druhou mocninu velikosti amplitud jednotlivych frekvenci (vykonové spektrum)

2
27ifk

% Zk:dke n

32Umoziuji také mnohem signifikantn&ji rozlisit spektra ptislusejici riiznym souboriim nahodnych
matic, naptiklad spektra souboru GOE od GUE.

33Least square statistics; ndzev vychazi z metody jejiho vypodtu.

34Metoda byla doposud zkousena na nejjednodussich systémech kvantového chaosu — Robnikiv
biliard, vazané kvartické oscilatory.

S(f) = (1.63)
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Dostavame se k hlavnimu tvrzeni, které zni: Po vystfedovani pres soubor ¢asovych
fad ma frekvencni zavislost amplitud jednoduchy vztah

(S(f)) ~

o (1.64)

kde
e o = 1 pro soubory vlastnich hodnot ndhodnych matic ze soubori GOE, GUE, GSE.
e « = 2 pro soubory vlastnich hodnot odpovidajici systémtim regularnim.
e o € (1,2) pro systémy smiSené.

Exponent « (pfesnéji hodnota o — 1) tedy opét nabizi moznost pfimého srovnani s vyse
zavednymi mirami fre, (1.27) a 1 —w (1.58).

Pro Robniktv bilidrd byla analyza provedena v ¢lanku [Gom05] a byl nalezen kvali-
tativni souhlas vsech t¥i veli¢in. Jelikoz spektrum bilidrdi mé stejné chaotické vlastnosti
v kterékoliv jeho ¢asti, 1ze v nich dobfe provést stiedovani (1.64). V systémech, v nichz
chaoticita zavisi na energii, vSak stfedovani provést nelze. Ziistava nam tim padem pouze
jeden soubor S(f) umoziiujici exponent « vypocitat. Statisticka chyba takovéhoto vy-
poctu je vSak enormni a snizuje v téchto piipadech pouzitelnost metody, jak ukazeme
pozdéji na pripadu GCM v ¢asti 2.3.5.

1/ f sum ve spektrélnich ﬂuktuacich rozsifuje mnozinu charakteristickych vlastnosti
hladin a korelace mezi nimi. J e pozoruhodné, Ze 1/f Sum se vyskytuje v mnoha dalsich
systémech uvnitf i vné fyziky (objevuje se naptiklad pfi zkoumani dopravy, fluktuaci tlu-
kotu srdce, ale i vyzatovani kvasarti) [Man99]. Pravdépodobné se jedna o fundamentalni
vlastnost chaotickych systémi, jejiz ptivod vSak doposud nebyl odhalen.

1.3.8 Peresova metoda

Na zavér této kapitoly popiseme neuzivanou metodu vizualizace kvantového chaosu,
kterou navrh A. Peres [Per84a] a je také popsdna v monografii [Rei92]. Této metodé
se podrobné vénuje priloha V, zde bude proto zminéna pouze ve strucnosti. Rovnéz
v praci [Hru08] lze nalézt dalsi informace.

Omezime se na chvili na systémy se dvéma stupni volnosti. Pro integrabilni systém
s Hamiltonidnem H a s integralem pohybu P [H P] = 0 lze nalézt spektrum ve tvaru

Hli) =E;|i)
Pli) =Pi), (1.65)

kde E; a P; jsou vlastni hodoty odpovidajicich operatori a |i) prislusné vlastni vektory.
Na zdkladé Einsteinova-Brillouinova-Kellerova (EBK) kvantovani Peres ukazal, Ze po-
kud sestrojime graf, do néhoz vyneseme body o soufadnicich (E;, P;), budou tvofit miiz
s pravidelnou strukturou, na globalnim métitku pouze spojité deformovanou.

Uvazujme nyni pozorovatelnou Q, kter neni integralem pohybu, [I:|, Q] 2# 0. Pro ni
muizeme v Heisenbergové obraze zavést casové vystiedovany operator

= lim —/ Qu(t) (1.66)

T—oo T
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Tento operétor je diagonalni v energii (komutuje s Hamiltonidnem) a je tudiZz novym
integralem pohybu plati pro néj

<2|9|j> =0,  i#j
(i1Qli) = (ilQli) = (Q)s- (1.67)

Znovu muzeme vybudovat mfiz bodi, tentokrat o soutadnicich (F;, (Q)Z) Pro rozumné
operatory Q bude mit opét tvar pravidelné mrize, jen jinak deformovanou nez v pripadé
operatoru P. Operator Q jsme mohli zvolit zcela libovolné.

Jak postupovat u neintegrabilnich systém? Meziclanek mezi integrabilnim a ne-
integrabilnim piipadem tvoii pravé operétor Q, ktery ztistava konstantou pohybu i
u systému, u kterych ,Pravy“ integral pohybu neexistuje. Mfiz boda (E; (Q)z vsak
pro neintegrabilni systémy nebude regularni. Mize obsahovat regularni ostrovy, odpo-
vidajici podle Percivalova teorému [Per73| zbytktum klasickych tort, zbytek miize bude
chaoticky. Percivaliv teorém také zaruci, ze rozdéleni hladin mezi regularni ostrovy a
chaotické mote bude nezavislé na volbé operatoru Q

Miize ovSem nastat situace, kdy bude néjaky ostrov ,zalit“ hladinami odpovidaji-
cimi chaotickym oblastem; regularni a chaotické mfiz se prelozi pfes sebe, coz znemozni
regularni vzor nalézt a identifikovat. Narozdil od klasické metody Poincarého fezii zde
tedy neexistuji ostré hranice mezi regularitou a chaosem. Tato nevyhoda je kompenzo-
vana moznosti volit rtizné operatory Q. Co je skryto na jedné mfizi, mize byt odhaleno
na jiné.

Metodu Peresovych mfizi lze pripodobnit ke kvantové verzi klasické metody Poin-
carého fezli. Obé metody umoznuji vizualizovat chaoticitu a na zakladé obrazku oddélit
¢asti regularni a chaotické. Zatimco v pripadé klasické dynamiky jsme takto mohli t¥idit
trajektorie, v pripadé kvantovém mtizeme separovat skupiny regularnich a chaotickych
hladin. Peresovy mrize jsme definovali pro systémy s dvéma stupni volnosti, avsak bez
dalsich zmén je lze pouzit i v pripadé systému vicerozmérnych.

Peresova metoda neurcuje primeérné vlastnosti jako v pripadé spektralnich statis-
tik. Kazda hladina je v mfizi zastoupena individualné. Operator Q mtzeme volit tak,
abychom mohli pozorovat rozmanité strukturni zmény kvantového systému napiiklad
v zavislosti na vnéjsich parametrech.

Doposud byl pomoci Peresovych mtizi podrobné studovan pouze systém biliardu
[Ree99] a dvouspinovy systém v magnetickém poli [Rob98]3°. Zatimco bilidrdy maji
trivialni zévislost dynamického chovani na energii, systém geometrického kolektivniho
modelu, ktery pomoci Peresovy metody studujeme my, ma naopak bohatou zavislost na
energii a na vnéjsim parametru. Peresovy mtize v ném poskytuji vynikajici pohled do
kvantovémechanického déni.

35V téchto pracich je mi{z nazyvana kvantovd sif (quantum web).
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Kapitola 2

Geometricky kolektivni model

V této kapitole popiseme zéklady geometrického kolektivniho modelu (GCM)!, a to jak
v jeho znaméjsi kvantové verzi, tak v jeho verzi klasické. Model nebudeme studovat
v celé jeho obecnosti, nybrz omezime se pouze pripad s nulovym momentem hybnosti.
Takto redukovany systém mé pouze dva (vibra¢ni) stupné volnosti. To znamend, Ze
k zobrazeni a méfeni jeho chaotickych vlastnosti lze dobie pouzit v klasickém piipadé
metody Poincarého fezii a na ni zalozené techniky vypoctu regularni casti fazového
prostoru fes, v kvantovém piipadé pak metodu Peresovych miizi.

Mira chaotic¢nosti kvantovych systémi a souvislosti projevii chaosu v klasické a kvan-
tové dynamice byly doposud studovany pievazné v systémech bilidrdi [Rob84, Cso094,
Li02], vazaného kvartického oscilatoru [Hal84, Zim86] nebo Hénon-Heilesova systému.
Tyto systémy maji urcité specifické vlastnosti. Dynamika biliard nezavisi na energii,
mira jejich chaoti¢nosti je stejna pro celé spektrum ¢i pro jakykoliv jeho tsek. U va-
zanych oscilatorti sice chaoti¢nost zavisi na energii, avSak diky homogenité potencialu
ji 1ze stejné dobfe popsat zménami vnéjsiho parametru (energie a vnéjsi parametr jsou
na sobé navzajem zavislé). Geometricky kolektivni model poskytuje dostatecné kom-
plexni, a pfitom stale jednoduchy nastroj k diitkladnému prozkoumani vztaht klasického
a kvantového chaosu. Charakter jeho dynamiky totiz zavisi jak na energii, tak na vnéj-
sim parametru. Mimo to nabizi moznost studovat prechod od integrabilni dynamiky
k neintegrabilni a také déni v okoli fazovych ptfechodi.

Klasickému feSeni GCM se Siroce vénovala diplomovéa prace [Str04]. Jeji vysledky
shrnuji a rozsifuji ¢lanky publikované v recenzovanych pracich [Cej04, Str06, Str07],
které jsou pretistény v prilohach I, II, III a navzajem se dopliuji s textem této kapitoly.
Zde tyto vysledky rozsitime o dalsi, které zatim publikované nebyly. Kvantovy chaos a
srovnani mér chaosu v klasickém a kvantovém pripadé jsou podrobné zpracovany v ca-
sopiseckych publikacich [Str09a, Str09b|, které tvoii obsah piiloh IV a V a které jsou
rovnéz neoddélitelné spjaty textem prezentovanym v této kapitole. Kromé zminovanych
¢lankt byly vysledky publikovany v téchto pracich: [Cej09a, Mac09, Cej06, Str09c].

LGeometric collective model. Piivodni Bohrova verze a jeji rozpracovani, které bylo provedeno v
60. letech 20. stoleti, se nazyvaly geometricky model. Jeho rozsifeni, navrzené v pracich G. Gneusse,
U. Mosela a W. Greinera [Gne69, Gne70a, Gne70b], pozivaji termin kolektivni model. Pozdéji doslo
k syntéze téchto dvou pojmi. Oba privlastky totiz dobfe vystihuji fyzikalni podstatu modelu. My
budeme pouzivat nazev geometricky kolektivni model pro celou t¥idu modelt, které vychazeji z ptivodni
Bohrovy verze a navzajem se od sebe lisi pfevazné pouzitym potencidlem. V uzsim vyznamu budeme
pod timto oznacenim chapat nasi konkrétni verzi modelu, od které se odvijeji vsechny vysledky této
prace.
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Kapitola je ¢lenéna nasledujicim zptisobem. V prvni ¢asti 2.1 popiseme obecné za-
klady modelu. Druha cast 2.2 se bude zabyvat klasickou dynamikou modelu, ukaze
aplikace geometrické metody pro GCM model a vyvrcholi souhrnnou kompletni ma-
pou klasického chaosu. Cast bude zakonéena popisem moznych rozsifeni geometrického
kolektivniho modelu.

V druhé ¢asti se obratime ke kvantové verzi GCM. Zavedeme dvé odlisnd kvantovani
modelu. Poté budeme podrobné diskutovat numerické aspekty diagonalizace Hamilto-
novy matice v prislusné bazi a ukazeme metodu, kterd ndm umozni rozhodnout, jak
velka cast ze vSech vlastnich hodnot této matice dobfe popisuje spektrum. Z vypocita-
ného spektra ur¢ime zavislost doplitku Brodyho parametru 1 — w na energii a srovname
ji se zavislosti fieg(E). Stejné budeme postupovat i v pfipadé parametru o metody 1/ f
sumu. Na zavér této casti ukazeme kompletni prehled Peresovych miizi pro vSechny
mozné konfigurace systému pro dva rtizné Peresovy operatory.

Pro podrobnéjsi seznameni s geometrickym kolektivnim modelem poslouzi jednak
klasickd monografie [Boh98|, jednak dalsi knihy [Eis70, Gre96]. V nich je uvedeno fyzi-
kalni pozadi modelu a spousta technickych detailii. Poslouzi také nedavno publikovany
prehledny clanek [For05] pojednévajici o analytickych feSenich geometrického modelu
pro rizné typy potenciali. Odvozeni mnoha vztahii je podrobné provedeno v diplomové
praci [Hru08].

2.1 Zaklady modelu

Geometricky kolektivni model jaderné dynamiky byl navrzen A. Bohrem. Ackoliv od té
doby byla vyvinuta fada mikroskopickych technik popisu atomovych jader, geometricky
model spolu s koncepéné pribuznym modelem interagujicich bosont [lac87], zistava
dilezitym nastrojem fenomenologickych analyz. Prikladem provazani sofistikovaného
mikroskopického popisu jadra s geometrickym modelem je prace [Nik09].

V GCM souviseji kolektivni mody pohybu jaderné hmoty (rotace a vibrace) s jader-
nymi excitacemi. Tvar jadra je dan rozvojem jeho poloméru do kulovych funkci

—0.1....
R = R, <1+§ @3*}35) MA: b (2.1)
2.

pricemz geometricky kolektivni model bere v ivahu pouze kvadrupdlové stupné volnosti
A = 22. Ty popisuji nejjednodussi netrividlni pohyb, uvazime-li, Ze (i) monopdlové defor-
mace A = 0 souviseji s pulsovanim objemu, které jsou nulové za predpokladu zanedba-
telné stlacitelnosti jaderné hmoty, a (ii) dipélové deformace A = 1 spojené s kmitanim

vy

t6zi8té 1ze odtransformovat prechodem do tézistové soustavy.

Bohruv Hamiltonidn zni
H=T+V =

= L2 [ xw) + V5 Ao x 0], (2.2)

27 tohoto dtivodu budeme v nadale index \ vynechavat.
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kde «a,, p = —2,...,2 jsou slozky kvadrupélového tenzoru deformaci (zobecnénych
soufadnic naseho modelu) spliujici

a, = (—=1)"a” .

(2.3)

a m, jsou kanonicky pfidruzené hybnosti. Veli¢iny K, A jsou vnéjsi parametry, pficemz K
mé vyznam efektivni hmotnosti a A predstavuje ,tuhost* (potencialni ¢len mé charakter
potenciadlu harmonického oscilatoru). Tenzor a se skldda z péti nezavislych redlnych
dynamickych proménnych. Separujeme-li rotacni a vibracni stupné volnosti, mizeme za
tyto dynamické proménné volit t¥i Eulerovy uhly (0, 6s,05), které udavaji natoceni v
prostoru. Zbyvajici dvé, jez se znaci (f3,7), pak urcuji deformace ve vlastni soufadné
soustavé spojené s hlavnimi osami jadra, pficemz [ udéava velikost deformace (f = 0
odpovidé sférickému tvaru), v souvisi s typem tvaru (specidlni piipady tvoii axidlné
symetricky tvar protdhly pro v = 27k/3 a zplostély® v = 7(2k + 1)/3).

Relace, kterd spojuje parametry deformace (/3,) se slozkami kvadrupdlového ten-
zoru oV vyjadFenymi ve vlastni soufadné soustavé, zni

x = fcosy = a(()l)

y = fsiny = \/504;1)2. (2.4)

Soutadnice (z,y), které budeme v dalsim textu nejvice pouzivat, jsou kartézskym vyja-
dfenim polarnich soutadnic (/3,7).

Ptechod do vnitini soustavy vsak neni jednoznacny. Existuje celkem 24 navzajem
ekvivalentnich moznych popist jedné fyzikalni konfigurace [Gre96]. Z toho vyplyva, ze
jak Hamiltonian, tak samotna jeho feseni budou vykazovat urcité diskrétni symetrie.
Nezavisly je pouze sextant

8 € (0,00) v € (0,7/3) (2.5)
a feseni pro celou rovinu ziskdme zobrazenim sextantu na celou rovinu uzitim symetrii

27
Ve =y Ve vt 5 (2.6)

3

Jak jiz bylo nazna¢eno, Hamiltonian (2.2) popisuje kmity pétirozmérného harmo-
nického oscilatoru (dynamickad grupa symetrie obecného N-rozmérného harmonického
oscilatoru je U (IV), neboli Bohriiv Hamiltonidn ma grupu symetrie U (5)). Potencial je
symetricky vic¢i rotacim okolo tthlu v a ma minimum v po¢atku soutadnic 3 = 0. Dokéze
tedy popsat pouze sférické jadro.

Aby bylo mozné modelem popsat $irsi tfidu jader (napiiklad deformované jadra,
ktera jednoduchym Bohrovym modelem 2.2 popsat nelze), rozsifili jej ve své praci G.
Gneuss, U. Mosel, W. Greiner [Gne69, Gne70a, Gne70b] o dalsi skalarni ¢leny, a to jak
v potencidlu, tak v kinetickém ¢lenu (tim také ptibyly do modelu dalsi parametry, které
bylo mozné nastavit tak, aby model 1épe souhlasil s experimentalnimi spektry). My jejich
rozsiteni prevezmeme. Nikoliv vSak v plném znéni, nybrz omezime se pouze na nejjed-
nodussi kineticky clen, ktery je shodny s kinetickym ¢lenem 7' Bohrova Hamiltonianu

3Prolate, oblate.
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(2.2), a na tii nejnizsi ¢leny v potencialu?

35 (0) 2
V=v5Alaxa? - EB [[axa]@) xa] —|—50<[a><a](0)> (2.8)
(B, C jsou libovolné parametry, pficemz C se voli kladné, aby bylo zaruceno, ze je

systém véazany). Ve vnitini souradné soustavé ma potencial tvar
V =AB?+ BB3cos3y+ Cp* =
=A (:172 + y2) + B (x3 — 3:py2) +C (mz + y2)2 : (2.9)

Pokud budeme v dal$im zminovat geometricky kolektivni model (GCM), budeme mit
vzdy na mysli systém s timto potencialem.

Hamiltonidn GCM tedy obsahuje celkem ¢tyti parametry (A, B, C, K). V piiloze II
je ukazano, ze klasické verzi systému zavisi jeho kvalitativni chovani pouze na jediném
parametru

_AC
determinujicim typ rovnovazného tvaru jadra (pomér vlastnich ¢isel tenzoru deformace
a). Tento zavér vyplyva z moznosti provést na systému 3 nezavislé skélové transfor-
mace, které neméni dynamické vlastnosti a relativni charakteristiky rovnovazného te-

seni. V kvantovém pripadé se k nému jesté pridava druhy parametr
K= — (2.11)

vyplyvajici z dodatecné skaly spojené s Planckovou konstantou (viz také [Cap03]).

Na obrazku 2.1 je znazornéna fazova struktura geometrického modelu s potencia-
lem (2.9). Sedivé vyznacené paraboly T = konst. (paraboloidy, pokud uvazujeme i tfeti
soutadnici parametrického prostoru odpovidajici parametru C') znazoriiuji mnoziny pa-
rametri, které davaji skalové ekvivalentni Hamiltoniany. Silné ¢erné ¢ary A < 0, B =0
a 7 = 1/4 reprezentuji fazovy prechod od protahlého ke zplostélému tvaru, resp. od
deformovaného tvaru ke sférickému. Spinodalni a antispinodalni bod, které odpovidaji
fazovému prechodu pro 7 = 1/4 a které vymezuji oblast fazové koexistence, jsou zob-
razeny silnou cCernou prerusovanou carou. O fazové strukture GCM je vice uvedeno
v ptilohach I, IT a v pracich [Cej03, Str04].

Na fazovém diagramu je barevné znazornéna kiivka, ktera protne vsechny paraboly,
a tedy popise viechny mozné konfigurace GCM systému. Cervené ¢ary odpovidaji gkalo-
vani A = +1 s proménnym parametrem B, modra ¢ara znaci skalovani B = 1 s promén-
nym A. Prevazna ¢ast vysledki prace bude uvedena na této spojité cesté parametrickym
prostorem. Jeji explicitni vyjadieni zni

A=-1,B€(0,1)
Ae(-1,1),B=1
A=1B¢€(1,0).

(2.12)

1C. C. Noack ve svém ¢lanku[Noa68] ukazuje, Ze nejobecnéjsi tvar potencidlu lze zapsat rozvojem,
ktery obsahuje pouze mocniny dvou ¢lenii:

V= i Cyj ([a X a]<0>)i <[[a x a]® x a} (°)>j. (2.7)

1,5=0
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Obrazek 2.1: Fazovy diagram GCM pro K = C = 1. Sedivé ¢ary znazoriuji ,vrstevnice®,
na kterych lezi parametry (A, B) davajici ekvivalentni Hamiltonidny. Hodnoty u vrstevnic
udavaji hodnoty +1/ \/H , jejichz znaménko odpovida znaménku A. Cernou silnou ¢arou jsou
znazornény oblasti fazového prechodu, prerusované ¢ary vymezuji oblast fazové koexistence.
Bod A = B =0 je trojny bod.

Ve vSech pripadech fixujeme K = 1, C' = 1. Pfechod od skalovani A = +1 s nastavi-
telnym parametrem B a energii Eg ke Skalovani B = 1 s nastavitelnym parametrem A
s energii F4 umoznuji nasledujici vztahy:

A=+1 A=x3
B — B=1 . (2.13)
Ep E4 = Eg B*

Pro obraceny prechod pouzijeme vztahy inverzni.

S fazovou stukturou souvisi polohy extrému potencidlu V(x,y). Omezime se na stu-
dium extrémi na ptrimce y = 0. Jejich polohy ziskame fesenim rovnice

ov

— =o (2.14)

oz |,
Polohy ostatnich extrémi, které jsou s (2.14) ekvivalentni diky symetriim (2.6), budou
lezet na ptimkach, jez ziskdme oto¢enim ptimky y = 0 v roviné (3,v) o thly +27/3.
Rovnice (2.14) ma kofeny

29 =0 (2.15)
02 _ —3B% VBT 3240
B 8C ’

(12) usporadame tak, aby

pricemz x

V() < v (2.16)

Vyznamy kofent jsou nasledujici:
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e Pro 7 < 0 udava xg) ) polohu lokélniho maxima v poc¢atku soustavy souradnic, xg )

e 2 , . Yy . )
globalni minimum a x](a) sedlovy bod (minimum v soufadnici z, avsak maximum

v soufadnici y) potencialu.

1) o s 4
g)zustava

e Pro0 <7< 1/4leziv x](_;? ) lokélni minimum, v mg ) lokalni maximum a
globalni minimum potenciélu.

(0) (1)
E

e Pro 7 = 1/4 nastava zminovany fazovy prechod. Minima v x’ a x’ jsou stejné

hluboka.

e Pro 1/4 < 7 < 32/9 je minimum xl(ao) hlubsi nez nez pro ,:1:](31). Obé minima stéle

oddéluje lokalni maximum v z.

e Pro 7 > 32/9 kofeny xl(al 2 mizi. V potencialu zlistava minimum v pocatku xl(ao ),

e Pro B =0a A < 0 ma potencial tvar mexického klobouku symetrického viici
otoceni o thel 7 s lokdlnim maximem v bodé :C(EO ), pro kladna A kladné v pocatku
jediny extrém potencialu, globalni minimum.

Na zaveér uvedme malé shrnuti. Geometricky model mé ve svém plném znéni pét
stupni volnosti: tfi rota¢ni a dva vibrac¢ni. V této praci se budeme nadale vénovat pouze
studiu vibrac¢nich stupnii volnosti. Na systém GCM budeme pohlizet jako na nerotujici,
jeho vnitini soustava bude totozna se soustavou laboratorni a nebude-li feceno jinak,
budeme mit od této chvile na mysli vzdy tuto nerotujici verzi.

Odseparovani rotacnich stupiti volnosti se podrobné vénuje jednak préce [Str04],
jednak na ni navazujici ¢lanek [Str06| pretistény v priloze II, kde je navic diskutovan
pripad rotace kolem jedné pevné osy.

2.2 Klasicka dynamika

Zde se budeme zabyvat vysledky, ktera lze ziskat fesenim klasickych pohybovych rov-
nic pro nerotujici pripad GCM Hamiltonianu. Nejprve uvedeme pohybové rovnice a
Jacobiho matici potfebnou pro vypocet deviaci dané trajektorie metodou SALI. Poté
nalezneme explicitni analytické vyjadieni hranice, kde se podle geometrického techniky;,
popsané v ¢asti 1.2.6, zac¢ina objevovat nestabilita. Nakonec zobrazime kompletni mapu
klasického chaosu v GCM pro vSechny dostupné energie a hodnoty externich parametrt
[pti skalovani podél cesty (2.12)].

2.2.1 Pohybové rovnice

Kineticky ¢len Hamiltonidnu geometrického kolektivniho modelu (2.2) mé pro nulové
rotace stejny tvar jako pro volnou castici ve dvourozmérném prostoru

1 2 1 2
T (B 7%) -
1

5w (01 +70). 217
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potencial je dan vztahem (2.9).
Hamiltonovy pohybové rovnice zni

de _OH _pr dp. _ _O0H _
dt  op, K a oz
dy 0H p, dp, 0H
dy _0H _py @y _ 91 2.18
dt odp, K dt dy v (2.18)
kde jsme oznacili
= 8_‘/ — 2 2 2 2
Vz_a = 2Ax + 3B (2* — y*) + 4Cz (2 + ¢*)
x
ov
V, = Ty 2Ay — 6Bzy + 4Cy (2° + y*) . (2.19)

Tyto rovnice integrujeme pomoci Runge-Kuttovy metody 4. fadu. Detaily integrace byly
diskutovany jiz v praci [Str04].

2.2.2 Vypocet fieq

Nerotujici GCM model ma pouze dva stupné volnosti, takze regularni cast fazového
prostoru fe, mizeme pocitat metodou kombinujici Poincarého fezy a metodu SALI,
viz ¢ast 1.2.5. Metoda SALI vyzaduje znalost ¢asového vyvoje dvou nezavislych odchy-
lek jedné trajektorie o2, Abychom mohli odchylky pomoci rovnice (1.14) vypoditat,
musime znat slozky Jacobiho matice J.

Pro obecny 2D systém mé matice J formu

J OW (2,Y, pzy Dy) 0 (81—[ OH OH 8H)
- - v a9y Ao Ao -
o, Y, pe, Py) o, y,pz,py) \Ops Op,” Ox Oy
92T 92T 92T 92T
Opy Oz Ops Oy OpzOpz ap:capy
0T 92T 02T 02T
_ OpyOx Opy Oy OpyOpz OpyOp
- | _o*r y_ ?v _o*T y_ v B2 N 92T ) (220)
Oxdx Oxdx Oxdy 0xdy 0xOpy 0x0py
9T oV 0T oV 0T 0T

T Bydxr  92ydx  Oydy  92ydy  Oydp.  Oydpy

coz pripadé Hamiltonianu geometrického kolektivniho modelu vede na jednoduchy tvar

0 0 % 0
0 0 0 +

=l v, v, 0 0 (2.21)
_me _Vyy 0 0

Zde jsme, analogickym zptisobem jako u pohybovych rovnic, oznagcili derivace potencialu

Voo 2V 2A 4 6Bz 4 4C (32% + ¢*)
T 00z
0V
= = (—6B 2.22
2
Vyy = oV =2A — 6Bz +4C (2% + 3y°) .
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Pfi vypoctu frg pouzivame Poincarého fezy rovinou y = 0, pficemz za soufadnice
fezu bereme (x,p,). Piiklad tohoto fezu byl jiz uveden diive na obrazku 1.4 (a). Pro
ilustraci a srovnani jsme navic zobrazili i fez rovinou x = 0, viz obrazek 1.5. Zavislost
freg ma volbé Tezu byla rovnéZz demonstrovana na obrazku 1.7 pro energii £/ = 0. Na
tomto obrazku bylo ukazano, ze zavislost f.s, na typu fezu je velice slaba (avSak neni
nulové) a volba fezu neméni tvar pribéhu zavislosti regularity na vnéjsich parametrech.

(a) B=0.24

0.8t

.

(b) B = 0.445

0.8t 1T

-l

X

Obrazek 2.2: Srovnani Poincarého feztl vedenych rovinami x = 0 a y = 0 pro nerotujici GCM
systém s parametry A = —1, C' =1 a energii £ = 0. Zobrazeno je 1000 priichodt rovinou fezu
pro kazdou ze 100 trajektorii. Body se stejnou barvou v rznych obrazcich neodpovidaji tymz
trajektoriim.

Pro detailnéjsi ilustraci vzhledu fezti rozdilnymi rovinami x = 0 a y = 0 jsou na
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obrazku 2.2 zobrazeny Poincarého tezy pro dalsi hodnoty parametri GCM modelu.

Vsechny piiklady bereme pii nulové energii ve vyznacnych bodech kiivky freq(B) ey
——1

e B = 0.24 tvori prvni minimum, do kterého regularita monoténné klesé z integra-
bilniho pripadu B = 0 pfi vzriistajici poruse B. Vezmeme-li v itvahu i jiné energie
nez IY = 0, jedna se pro tuto hodnotu B o jeden z nejchaotic¢téjsich pripadi GCM.

e B = 0.445 je jedno z lokalnich maxim regularity pred dosazenim nejvyraznéjsiho
maxima B = 0.62 (fezy pro maximum B = 0.62 zde neuvadime, protoze jiz byly
zobrazeny na obréazcich 1.4 (a) a 1.5).

e B =1.09 je vyrazné lokalni minimum regularity, nejhlubsi minimum predtim, nez
zacne regularita opét stoupat k limitni hodnoté f,es = 1. Té by doséhla v limitnim
ptipadé A = —1, B — oo [tento ptipad je v jiném skalovani ekvivalentni hodnotam
parametria A = 0, B = 1, viz (2.13); v obou piipadech je samoziejmé C' = 1].

Je patrné, Ze i pres rozdilné tvary fezti (a ptes rozdilné tvary a umisténi regulérnich
oblasti) je relativni zastoupeni chaotickych a regularnich ¢asti stejné v obou typech fezi,
presné v souladu s vypoctem z obrazku 1.7.

Shrneme-li, budeme pii vypoctu f.s postupovat takto: Kinematicky dostupnou ob-
last zobrazované roviny fezu (x,p,) vnofime do miiZe, jez je rozdélena ve vSech vypo-
¢tech na 100 x 100 bunéek. Poté provadime algoritmus uvedeny v sekci 1.2.5.

Stoji jesté za zminku, Ze nerotujici GCM systém je pribuzny se Siroce studovanym
Hénon-Heilesovym systémem, zavedenym v praci [Hen64]. Hénon-Heilesiv systém tvoii
vlastné specialni ptipad GCM, ktery ziskame volbou C' = 0. Mezi ¢lanky, které vé-
nuji studiu riznych aspektt chaotické dynamiky a které se dotykaji této prace, patii
napiiklad [Cer96, Sko04].

2.2.3 Regularita a chaos pomoci geometrické metody

V této ¢asti budeme aplikovat geometrickou metodu, kterou jsme zavedli v sekci 1.2.6,
na systém geometrického kolektivniho modelu. V ptipadé nerotujictho GCM lze najit
analytické vyjadieni pro okamzik, kdy oblast zdpornych vlastnich ¢isel matice V (1.44)
pri zménach energie ¢i parametrtt modelu prvné pronikne do kinematicky dostupné
oblasti. Podle geometrické metody by zaporné hodnoty vlastnich ¢isel uvniti kinema-
ticky dostupné oblasti mély do systému pfinést nestabilitu a prvni chaotické trajektorie.
V GCM modelu navic ukazeme, ze tento okamzik presné koinciduje se zménou v hranici
kinematicky dostupné oblasti: Pivodné zcela konvexni hranice zacne obsahovat kon-
kavni tseky®. Pfedpokladame, Ze toto tvrzeni mezi zApornymi vlastnimi hodnotami )\8 )
uvnitf kinematicky dostupné oblasti a zakiivenim hranice plati obecné (podobné chovéani
lze pozorovat i na obréazcich praci [Hor07, Zio07, Zio08] pro jiné modely nez GCM).

®Konkavita hranice je také jednou z postacujicich podminek vzniku chaosu v systémech biliardsi.



48 KAPITOLA 2. GEOMETRICKY KOLEKTIVNI MODEL
Matice ¥V méa podle svého defini¢niho vztahu (1.44) v pfipadé GCM systému slozky

1 3
Vir = 2= {m [2A2 + 3B (22 — 4?) + 4C26%]" + [2A + 6Bz + 4C (32 + ?)] }

1 3
Viy = ?{m [QA:JU + 3B (x2 — yz) + 4C:cﬁ2} [2Ay — 6Bxy + 4Cyﬁ2} +

+y[-6B +8Cx] }
Vye = Vya
V,, = 1 {L [2Ay — 6Bxy + 4CyB%]° + [24 — 6Bz + 4C (22 + 37)] }

K\ 2|E-V] o
2.23

[vyuzili jsme oznaceni (2.19) a (2.22)]. Diagonalizaci matice ziskdme v kazdém bodé
prostoru dvé vlastni cisla )\S ) < )\5,2 ), tudiz mensi z vlastnich hodnot )\8 ) wvnitt kinema-
ticky dostupné oblasti indikuje pritomnost chaosu. Existenci zaporné vlastni hodnoty

v kinematicky dostupné oblasti urc¢ime nasledujicim postupem:

e Najdeme si hranici kinematicky dostupné oblasti K a hranici )\g,1 ) = 0, kterou

o 1
oznacime 8A§, ),

e Zaporné vlastni ¢islo lezi uvniti 0K, pokud se obé hranice protinaji nebo pokud
hranice 8)\$ ) celd le# uvniti kinematicky dostupné oblasti.

Pro ilustraci metody je na obrazku 2.3 znézornén prubéh tvari hranic 0K (¢erné),
8/\8) (Cervené) a 8/\8) (modfe) pro GCM s parametry A = —1, B = 1.09 a pro nékolik
riiznych energii. Pro porovnani je na obrazku 2.4 znézornéna zavislost f,g na energii pro
tytéz parametry modelu a v priloze II na obrazku 7 jsou nakresleny Poincarého tezy ze
systému s ekvivalentnimi hodnotami parametri, avsak ve skalovani s B=1s A = 0.84
[k prepocitani energii lze pouzit vztahy (2.13)].

Na panelu (a) obrazku 2.3 vidime, Ze pro energie velmi hluboko poloZené v minimech
potencialu® lezi oblast zapornych vlastnich hodnot matice V' daleko vné kinematicky
dostupné oblasti. Systém je v této oblasti zcela regularni.

P1i vzristajici energii £/ se kinematicky dostupna oblast zvétsuje, az v jednu chvili
dostihne oblast /\gj1 ) < 0, viz panel (b). Podle geometrické techniky by se pfi této energii
meély objevit prvni naznaky nestability. Obrazek 2.4 potvrzuje, ze tato korespondence
existuje, avSak neni zcela presna. Regularita se zacne bortit jiz pii energii £ ~ —0.12. Jak
pozdéji uvidime, tento kvantitativni nesouhlas nastava i pri jinych hodnotach parametri
modelu.

Zvedame-li energii vySe [panely (d)—(f)], projdeme nulovou energii a dostaneme se

k bodu, ve kterém se hranice (()/\5,1 ) dotkne hranice 8/\§j2 ). V blizkosti tohoto bodu pozo-
rujeme na kiivce fieg(£) maximum regularity.

Pro jesté vyssi energii £ = 16.8 vnikne celd oblast zapornych vlastnich hodnot
dovnitt kinematicky dostupné oblasti. V regularité se objevuje pfi této energii nepatrné

6Pro A < 0 lezi minima potencidlu mimo poéatek souradné soustavy, tj. Bmin > 0. Atomové jadro
popsané modelem v této oblasti parametrii bude tedy deformované. Diky symetriim GCM systému (2.6)
odpovidaji vSechna t¥i minima témuz fyzikalnimu stavu a jsou stejné hluboka.



2.2. KLASICKA DYNAMIKA 49

(a) E=-1 (b) E=-0.0845 (c) E=-0.0647

(konvexné-konavni prechod) (sedlovy bod)

vy

(e)E=0 f)E=0.15

(dotyk hranic k“) h@)

1 1
04 04
14 14

K 0 1 2 K 0 1 2
E=16.8 (h) E=33 (i) E= 1000
(konavne konvexni pfechod) (maximum regularity)
] 5
2 ‘ 21
2
-2 -5
2 0 2 2 0 2 5 0 5
X
Obrazek 2.3: Hranice kinematicky dostupné oblasti (¢erné), hranice nulovosti mensi vlastni
hodnoty )\S ) matice V (Gervené) a hranice nulovosti vétsi vlastni hodnoty )\8 ) matice V (modie)
pro GCM systém ve skalovani A = —1 s parametrem B = 1.09 a riznymi energiemi. Kine-

maticky dostupna oblast a zaporné vlastni hodnoty se nachézeji vzdy uvniti ohranicenych
oblasti.
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1.0 (h)
f
reg
0.5
(9)
0.0+, N
10 100 E
Obrézek 2.4: Zavislost freg na energii E systému GCM ve skélovani A = —1 s parametrem

B = 1.09. Velké c¢ervené body odpovidaji energiim, pro které jsou vykresleny jednotlivé panely
obrazku 2.3.

maximum. Mnohem pozoruhodnéjsi je pozorovani, ze tato energie je priblizné polovinou
energie, na které se objevuje v zavislosti freg(£) ostré maximum. V tomto maximu je
systém témér Uplné regularni: fieo(E = 33) ~ 0.95. Na obrazku 2.3 (h) vSak v tomto
bodé nepozorujeme zadné zvlastni zmeény, které by se zvysenim regularity korespondo-
valy. Piivod tohoto vyrazného maxima zistava nadale neobjasnén, geometricka metoda
zde nedava (az na uvedenou doménku) zadné vysvétleni.

Posledni z panelti obrazku 2.3 ilustruje déni v limité velmi vysokych energii. Kine-
maticky dostupna oblast se rozsituje a zaobluje, ¢imz v ni ostrov zapornych vlastnich
¢isel matice V ztraci na relativni velikosti. Regularita se v limité £ — oo blizi k hod-
noté 1, a to priblizné logaritmicky, jak je na zakladé numerickych vypocti ukazano v
prilohach I a I1. Riist regularity lze objasit tim, ze pii velkych energiich zacina prevladat
v potencialu (2.9) kvarticky ¢len 3% na tikor neintegrabilniho kubického ¢lenu 32 cos 37,
ktery je jim vice a vice potlacovan.

Po podrobnéjsim prozkouméani obrazku 2.3 lze ucinit jesté tato pozorovani:

1. Hranice 8)\8 ) protind osu z ve stejnych bodech pro vSechny energie. Totéz plati
diky symetrii i pro body, které ziskame z téchto bodt otocenim o +27/3 okolo
pocatku.

2. V mistech, kde kiivka 8)\8 ) prochazi hranici kinematicky dostupné oblasti 0K, je
tato hranice zakfivena ven (tj. je konkavni), zatimco ve zbyvajicich piipadech je
konvexni.

Souvislost mezi konkavitou hranice 0K a chaoticitou systému je jednim ze zavéru
diskutovanych v priloze II, je v ném vsak uvedena také jako pouhé pozorovani na zakladé
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numerickych vypocti. Zde dokazeme, Ze uvedena pozorovani plati pro systém GCM
obecné.

Zakriveni hranice 0K

Nejprve prozkoumejme konvexitu a konkavitu hranice 0K. Vyuzijeme k tomu skutec-
nosti, ze mezi konvexni a konkavni ¢asti jakékoliv kiivky musi lezet inflexni bod. Navic
na zakladé ucinénych pozorovani obrazku 2.3 vidime, Ze stac¢i hledat na pfimce y = 0
(osa ). V tom samém okamziku, kdy za¢né zcela konvexni hranice pfechazet do kon-
kavni, se na ose = pro funkci hranice vyjadfenou ve tvaru x = x(y) objevi inflexni bod,
ve kterém musi mit tato funkce druhou (podminka pro inflexni bod) derivaci nulovou,
tj.
2
0y?

Funkci, kterd udava hranici kinematicky dostupné oblasti, mame zadanu implicitné:

(2.24)

flz,y) =V(x,y) — E=0. (2.25)

Vyjadiime-li podle véty o derivaci implicitnich funkei druhou derivaci funkece z(y) a po-
lozime-li ji rovnu nule, dostaneme rovnici

2 2 2 2 2
O°F (0F\' _, F1 010F L (05Y' 220
ox? \ 0y Ox0dy dx dy ~ Oy? \ Ox
ktera plati za predpokladu, ze je splnéna podminka
of
Iz # 0. (2.27)

Dosadme nyni GCM potencial (2.9). Vyuzijeme-li jiz pfipravenych vztahi (2.19) a (2.22)
pro jeho prvni a druhé derivace a zamérime-li se na zkoumani piipadu y = 0, dostaneme
rovnici

z (24 — 6Bz + 4C2?) (2A + 3Bz + 4C2%) =0 (2.28)

s podminkou”
z (2A+ 3Bz 4 4Cx?%) # 0. (2.29)

Jedina dvé povolena feseni tedy jsou

6B + V3682 — 32AC

(1,2) _ 2.30
x Y (2.30)

Pokud tyto kofeny z(1?) dosadime do potenciélu,
E®? =V (z,y)] (2.31)

1;:;1;(112)7:[1:0 )

dostaneme hledané energie £ na kterych dochézi ke vzniku, resp. zaniku konkavnich
oblasti v hranici 0K.

"Tato podminka vlastné vylu¢uje viechny extrémy potencialu, viz (2.14).
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Vlastni hodnoty matice V

Jako druhy krok explicitné vyjadiime vlastni ¢isla matice V (1.44). Znovu se omezime
na ptipad y = 0, jelikoz hledame prinik zaporného vlastniho ¢isla dovnitt kinematicky
dostupné oblasti a podle pozorovani na obrazku 2.3 k tomu dojde nejprve na ose x.

Vlastni hodnoty symetrické matice ¥V rozméru 2 x 2 jsou v uplné obecném piipadé
dany vzorcem

)\872) =V + Vo & \/(Vll + V22)2 +4 (V122 —ViuVa). (2.32)

Po dosazeni vyjadteni slozek v nasem konkrétnim systému z rovnic (2.23) dostaneme
pro y = 0 mensi z vlastnich hodnot (znaménko —)

AV =24 — 6Bz +4Ca?. (2.33)
Hranici 8)\8 ) na ose z nalezneme vyfesenim rovnice )\S ) = 0. Jejimi koreny jsou
12 6B+ /3682 —32AC
T =
V 80 Y

. S . NPT . 12) .. . ,
coz jsou presné stejné hodnoty jako (2.30). Pfislusné energie E’é ), pri které zaporna
vlastni ¢isla zacnou vstupovat do oblasti vymezené hranici 0K, dostaneme FeSenim
rovnice

(2.34)

V(@,y)l, 00,0~ By =0, (2.35)

které se shoduji s hodnotami (2.31).
Vysledky (2.34) také vysvétluji pozorovani 1 u obrazku 2.3. Na zakladé vztahu (2.34)

1 . . 1 ;o , o [ L
vidime, ze hranice 8)\5,) protind osu z stale ve stejnych bodech nezavisle na energii
systému F.

Shrnuti geometrické metody v GCM

Ukazali jsme, Ze geometricka metoda vyuzivajici kiivosti dava v pripadé geometrického
modelu zcela stejné vysledky jako metoda konvexné-konkavni hranice dostupné oblasti.
Metodu konvexné-konkévni hranice jsme (numericky) pouzili v ptiloze II. Tam také
ukazujeme, ze prechod od regularni k chaotické dynamice popisuje jen kvalitativné. To
znamena, ze i geometrickd metoda, alespon v pfipadé GCM, nedava zadné exaktni vo-
ditko, které by jasné ukazovalo, kde bude systém regularni a kde chaoticky. Je pouze
ukazatelem mozné nestability a urcuje pribliznou hranici mezi stabilni a nestabilni dy-
namikou, kterou chaotické trajektorie respektuji jen priblizné. Ilustrace je uvedena v
nasledujici ¢asti.

2.2.4 Kompletni mapa klasického chaosu

Tato cast je urcitym ,zavrsenim“ studia klasického chaosu v GCM, méfeném veli¢inou
freg- Bude se celd zabyvat jednim rozsahlym obrazkem 2.5, na némz je zobrazena kom-
pletni mapa regularni ¢asti fazového prostoru v zavislosti na energii £ a zaroven na
vnéjsich parametrech systému®, doplnéna dalsimi doprovodnymi tidaji a vysledky.

8Velmi vysoké energie v obrazku zakresleny nejsou, avéak na nich se jiz v systému nestane nic pozo-
ruhodného. Regularita v nich postupné roste k hodnoté freg = 1. To je pro nékolik hodnot parametrii
demonstrovano v prilohach I a II.
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Nejprve obrazek podrobné popiSme. Oblasti uplné regularity f. = 1 jsou zobra-
zeny Cervenou barvou, oblasti zcela chaotické f..; = 0 naopak modie. Chyba Af,., ve
vsech bodech obrazku neprekro¢i hodnotu 0.02. Na vertikdlni ose grafu je vynesena
energie (kladné energie v logaritmickém métitku, zdporné v linedrnim?). Horizontéalni
osa zobrazuje vzdy jeden volny parametr modelu. Je rozdélena na t¥i oblasti oddélené
bilymi carami, ve kterych postupné prochazime zleva doprava cestu znazornénou na
obrazku 2.1. Cisla psana vzpiimené v popisku osy zna¢i hodnotu volného parametru,
fixovany parametr pro dané gkalovani je uveden nad odpovidajici oblasti. Cisla psana
kurzivou odpovidaji odlisnému skalovani, ke kterému lze pfejit pomoci vztaht (2.13).
Uvedme piiklad: V prvni ¢asti grafu je pouzito Skdlovani s pevhym A = —1 a s vari-
abilnim parametrem B. Cary o konstantni energii jsou v tomto $kalovani zndzornény
¢ervenou carou. Naopak kurzivou je uvedeno, jakou by v daném misté na vertikalni ose
mél hodnotu parametr A ve skadlovani B = 1, prislusné cary konstantni energie jsou
zobrazeny modfe, v8e presné podle (2.13).

Leva i prava hranice obrazku zobrazuje integrabilni ptipad B = 0. V nich je podle
ocekavani fr; = 1. PTi postupném zapinani neintegrabilni poruchy fizené parametrem B
regularita zprvu monotonné klesa, poté vsak zacne vykazovat velmi komplexni chovani
s bohatou strukturou tdoli a hiebenii.

Zminme nékolik zajimavych oblasti. Prvni z nich je pruh zvysené regularity pro nizké
energie a okoli bodu B = 0.62. Tato oblast je v izkém vztahu k linii regularity! slozi-
téjsiho, avsak s GCM piibuzného kolektivniho jaderného modelu, modelu interagujicich
bosonti!'!, jak je ukdzano v ¢lanku [Mac07a]. V této oblasti dochdzi k rezonanci dvou
frekvenci wg, w,, coz jsou nezavislé frekvence dvourozmérného harmonického oscilatoru,
jimz lze aproximovat globalni minimum potencialu GCM. Tato rezonance koinciduje se
zvysenou regularitou a zda se, ze ovliviiuje chovani systému daleko v oblasti energii, kde
jiz kvadraticka aproximace davno neplati. Maximum regularity je silné persistentni viici
zménam v systému, jak je patrné jiz ze zminéné podobnosti dynamiky obou modelid IBM
a GCM. Maximum preziva také modifikace kinetického ¢lenu, které bude diskutovany
pozdéji v ¢asti 2.2.5, a zistava patrné i pri nenulovych rotacich, viz dodtatek II.

Dalsi aspekt mapy 2.5, ktery stoji za povsimnuti, je ,zila“ tplné regularity, ktera
zaCind na energii £ ~ 24 a hodnoté nastavitelného parametru A ~ —1.2 pii skdlovani
B =1 a tdhne se smérem k vyssim A, pricemz se postupné rozsituje. Pokud bychom
zistali ve skalovani B = 1, nenarazili bychom uz na této energii na zadnou chaotickou
oblast. Tento pruh plné regularity neni jediny. Pro A Z 0.6 se na energii E' ~ 7 vyskytuje
méné vyrazna sekundarni ,zila“. Jev ostrého zvyseni regularity jsme pozorovali jiz diive
pri zkoumani geometrické techniky, viz obrazek 2.4, a lze jej rovnéz pozorovat na grafech
priloh I a II. Vyraznost ,zil“ regularity je pozoruhodné, doposud vsak zlistava otevienou
otazkou pricina jejich vzniku.

Obratme nyni pozornost k ¢ardm, které jsou v obrazku zakresleny. Ruzova ¢ara
znézornuje globalni minimum potencialu a sedlovy bod (pro energii £ < 0), resp. lokalni
minimum a maximum (pro energii £ > 0) vypoc¢tené podle rovnice (2.14) a v souladu
s diskuzi uvedenou za touto rovnici'?. Na energii £ = 0 lezi lokalni maximum pro

9Regularitu na nulové energii, kterd sama o sobé vykazuje extrémné zajimavy pribéh, lze rovnéz
vidét samostatné na obrazku 1.7.

0 Arc of regularity.

UHamiltonidn IBM a pohybové rovnice klasické limity tohoto modelu jsou uvedeny v dodatku A.

12Pjesné tedy zobrazuji hodnoty potencidlu V(l‘g ’3)) pfi ménicich se hodnotach parametri modelu.
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7 < 1/4 a globalni minimum pro 7 > 1/4.

Na A = 1/4 nastava jiz zminovany fazovy prechod. Je vyznacden prostiedni ze zele-
nych ¢ar. Spinodalni a antispinodalni body v A = 0, resp. A = 9/32, které ohranicuji
oblast fazové koexistence, jsou vyznaceny rovnéz zelené. V oblasti fazového prechodu
pozorujeme prudky nérist chaoticnosti s fieg =~ 0, ktery se §iii se vzriistajici energii na
obé strany od fazového prechodu (na obrazku vytvari tvar modrého V). Fazovy prechod
s sebou tedy prinasi velkou nestabilitu.

Zluta ¢ara reprezentuje body, ve kterych kinematicky dostupnou oblasti systému
zacnou (nebo pfestanou) prochézet zaporné vlastni ¢isla matice V, tj. ukazuje hodnoty
V(e = 958)’ y = 0) (silngjsi cara) a V(z = xg), y = 0) (slabsi ¢ara), kde xS’Z) jsou dény
vztahem (2.34). Zopakujme zde tvrzeni geometrické metody uvedené ve ¢lanku [Hor07],
podle kterého by hranice vyznacend silné méla oddélovat oblast regularity (v energiich
nize) od oblasti, kde se vyskytuji nestabilni (chaotické) trajektorie (v energiich vyse),
a jak bylo ukazano v predchozi ¢asti, hranice presné koresponduje s mistem, ve kterém
se zacinaji v plné konvexni hranici dostupné oblasti objevovat konkavni tseky.

(a) B=0.50 (b) B=0.59

0.8 1T
pX pX
-0.8 -1
Obrazek 2.6: Poincarého fezy systému GCM ve Skalovani A = —1 s volnym parametrem

aenergii (a) B = 0.5, F = —0.22a (b) B =0.59, £ = —0.15. V kazdém Fezu je znazornéno 1000
priichodti rovinou fezu pro 100 odlignych trajektorii. Rezy slouzi jako demonstrace odchylek
geometrické metody.

Mapa regularity demonstruje pribliznou platnost tvrzeni. Vidime z ni, Ze hranice
regularita—pocatek chaosu dobfe koresponduje se zlutou linii napiiklad pro oblasti

1. B e (0.2,0.4) ve skalovani A = —1
2. A€ (~1,—0.8) ve skilovéni B = 1
3. A€ (—0.6,0.7) ve skdlovani B =1

Chaos se vétsinou zacne objevovat jiz chvili pfed zlutou linii. Na druhou stranu existuji
protiptiklady, kde pires zlutou ¢aru pronika jak regularita smérem dovnitt, tak chaotic-
nost smérem ven. Na obrazku 2.6 jsou nakresleny Poincarého fezy dvou z nich. Prvni,
zobrazeny na panelu (a), je zakreslen ¢ervenym puntikem v obrazku mapy chaosu. Na
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samotném fFezu je patrny vysoky stupen chaoticity, a¢ lezi v oblasti, kde by podle geo-
metrického kritéria meél byt systém stabilni. Druhy protipriklad je ilustrovan fezem na
panelu (b) a v mapé chaosu mu odpovidd modry puntik. Nyni naopak zcela regularni
fez lezi v nestabilni oblasti. Rovnéz celd ,zila“ regularity se nachazi v oblasti, pro kterou
geometrickd metoda zadnou zvysenou stabilitu nepfedpovida, viz ¢ast 2.2.3.

Metoda kiivosti dale fikd, Ze v oblasti A = 1 by mél byt systém pro B < ,/8/9
zcela regularni, nebot zde vlastni hodnoty matice V (1.44) maji v kinematicky dostupné
oblasti pouze kladné hodnoty (matice méa dokonce kladné hodnoty v celém konfigura¢nim
prostoru). Ve skute¢nosti chvost chaoti¢nosti na vysokych energiich 10 $ E < 100
zasahuje az do oblasti B ~ 0.5.

Néznak korespondence prechodu regularita—chaos a zluté ¢ary lze naopak pozorovat
pro druhou hranici zakreslenou slabou ¢arou (s ni totiz sousedi slabsi regularni ,zila“).
Nutno vsak zdtiraznit, ze podle teorie geometrické metody by na této hranici nemélo
dochazet k zadnym vyraznym kvalitativnim zménam chovéni, jelikoz oblast zapornych
vlastnich hodnot matice V zistava i pro energie za touto hranici uvnitt kinematicky
dostupné oblasti 0K, viz obrazek 2.3 (g)—(i).

Zavérem lze shrnout, ze geometrickd metoda je dobrym voditkem pro vyskytujici se
nestabilitu, pokud se nachazime v dostatecné vzdalenosti od linie, kterou ona urcuje
jako hranici mezi regularitou a chaosem.

2.2.5 Dalsi rozsifeni geometrického modelu

Tato ¢ast se bude zabyvat dvéma moznymi rozsitenimi GCM modelu. Rozsiteni se tykaji
pouze kinetického ¢lenu, potencial ponechdvame ve tvaru (2.9). Jak bude patrné pozdéji
v casti 2.3, geometricky model tak, jak jsme jej doposud uvazovali, ma urcité nefyzikalni
vlastnosti tykajici se momentu setrvacnosti (moment setrvacnosti je nulovy pro nulové
deformace). Vhodna rozsifeni kinetického ¢lenu tyto nefyzikalni aspekty odstrani ¢&i ale-
spon zmirni. Ackoliv stale zistaneme omezeni na nulové rotace, pii kterych moment
hybnosti nehraje zadnou roli, zodpovime na otazku, do jaké miry ovlivni dodatecné
¢leny v Hamiltonidnu chaoti¢nost systému.

Budeme sledovat stejny postup jako u klasického geometrického modelu, strucné
zde uvedeme vSechny vztahy dtlezité pro vypocet dynamiky a miry chaosu fie. Obé
rozsiteni, kterda budeme brat v iivahu, obsahuji dalsi hmotnostni parametry x a A, jez
vSak spolu s parametrem K nejsou nezavislé. Nezavislé jsou pouze dva ze tTi, a bereme-li
v uvahu skalovani, pak je nezavisly pouze jeden, za ktery budeme pii vypoctech brat
parametr k. Hodnotu druhého parametru zafixujeme na A = 1. VSechny vztahy vsak
uvedeme v naprosté obecnosti se vS§emi hmotnostnimi parametry.

Potencial ponechavame stejny, diky cemuz se spousta vlastnosti systému rozsirenim
nemeéni. Systém napiiklad zistava integrabilni pro B = 0. Systém také spojité prejde
na standardni GCM, polozime-li v rozsitenych modelech x = 0, A = 1.

Poznamenejme, Ze modifikace kinetickych ¢lenii geometrického Hamiltonidnu (pie-
devsim jeho momentii setrvacnosti) je dilezita pii pfechodu od GCM k souvisejicimu
modelu kolektivni dynamiky — modelu interagujicich bosonti. Diskuzi chaotickych vlast-
nosti IBM a srovnanim obou modelt se zabyvaji prace [Mac07a, Mac07b, Mac09,
Cej06, Str09c].
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Rozsifeni typu I

Kineticky ¢len prvniho z modifikovanych modelt ma Hamiltonian

A+ k32 p?
TO = 22 (2 4+ p2) = 2.
e et Py) = 5 B (2.36)
kde jsme oznacili
K
V(B = ———. 2.37
=177 (237
Pohybové rovnice znéji
dz Pz dpx K 9
p— — _ ‘/;c
dt — kO(B) a kU7
dy Dy dp, K ,
A =¥ _ _ -V 2.38
dt — kO(B) KPPV T W (2.38)

[pfi vyuziti oznaceni (2.19)] a Jacobiho matice potfebna pro vypocet divergenci soused-
nich trajektorii

w, 2 0 1
30 — K Py K PyY , KD () (2.39)
_%p2 - Vrzx _V:'cy _?K Pz _?ﬁ by
—Vay —%p2 — Vi _2?” DzY _%pyy

[druhé derivace potencialu viz (2.22)].

Pro srovnani stupneé regularity se standardnim GCM je k dispozici obrazek 2.7. Jedna
se 0 zavislost fi; na vnéjsim parametru pii prochdzeni znadmé cesty parametrickym
prostorem (viz obrézek 2.1) pro energii £ = 0. Pozorujeme, Ze pfi rostoucim x se vyrazné
proménuje intermedidlni oblast 0.1 5 B < 0.6, zatimco pro ostatni hodnoty parametra
zustava kvalitativni pribéh kiivky stejny. Dulezité je, Ze zejména ostré maximum na linii
regularity v okoli B = 0.6 zlstava na svém misté. Podobné i minimum okolo A = —1,
B = 1 a nésledny rist k plné regularité pii A = 0, B = 1 (zde je systém na nulové
energii plné regularni, a¢ neni integrabilni).

Rozsireni typu II

Druhé modifikace standardniho GCM vychéazi z kinetického ¢lenu

1 p?
TW = — —__ (p? = 2.40
KOt ) e R = gy (2.40)
kde tentokrat znacime
M (3) = K (A +K37). (2.41)
Pohybové rovnice a Jacobiho matice, opét s pouzitim oznaceni (2.19) a (2.22), znéji
dz _  po dp. _ KK 5
dt ~ k0 (3) a -~ wEtt T
dy P dp kK
L N (2.42)

dt — k() dt - k(B)
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reg
0.5
k=0
k=0.1
k=0.5
K:
K=2
0 —————
B 1.5 2 34
-100 -10 5 -3 -2 -1 -0.5 0A

Obrazek 2.7: Regularita pti nulové energii v rozsifeném GCM (typ I) pro rtizné hodnoty
rozsifujiciho parametru x. Pro k = 0 systém koresponduje se standardnim geometrickym
modelem. Chyba vypoctu nepiekroci hodnotu A free = 0.02. K hodnotam na horizontalni ose
viz popis obrazku 2.5 v textu.

a
Jan —
GG py k(3 )pyy 0 K (3)
15—([2) <ké’;—)l(<ﬁ) - 1) P* = Vaa (ig(lé)) rY — Vay k(QI{)((N)px k(QI{)((H) Dy

(2.43)

Srovnani regularity tohoto modelu a nerozsiteného GCM lze vidét na obrazku 2.8.
U tohoto modelu jiz dochéazi k vyraznéjsim zménam, patrny je zejména nartst prameérné
regularity s rostoucim k. Dulezité struktury, zejména opét rozsadhlé maximum okolo
B =~ 0.6 se vsak objevuji i zde.

Vyrazné odchylky pozorujeme pro malé hodnoty parametru x. Pro hodnotu x = 0
méa systém navic pozoruhodnou vlastnost. V integrabilnim pripadé B = 0, A = —1
(potencial ve tvaru mexického klobouku), jsou pfi nulové energii vsechny trajektorie pe-
riodické (pro jiné energie a jiné hodnoty parametri toto jiz neplati), viz priklad nékolika
trajektorii na obrazku 2.9.

Modifikace typu II geometrického modelu je rovnéz studovana v ptiloze III.
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Obrazek 2.8: Stejné jako obrazek 2.7, avSak pro rozsiteni GCM typu II.

Obrazek 2.9: Nékolik ndhodné vybranych trajektorii rozsitfeného GCM modelu s kinetickym
¢lenem (2.40) s parametry A = —1, B = 0, k = 1. Cernou ¢arou je znazornéna kinematicky
dostupna oblast.
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Na ptikladu regularity pti nulové energii jsme ukézali, Ze navrzena rozsiteni kinetic-
kého c¢lenu geometrického modelu nijak vyrazné nemeéni chaotické vlastnosti systému.
Nedojde naprtiklad k posunu nebo vymizeni diilezitého maxima souvisejici s linii regu-
larity modelu IBM. Lze tedy usuzovat, ze odstranéni nefyzikalniho chovani momentu
setrvacnosti s sebou nenese vyrazné zmény tykajici se dilezitych vlastnosti chaotické
dynamiky.

2.3 Kvantovani

V této casti obratime nasi pozornost ke kvantové verzi geometrického modelu. Zmi-
nime dva odlisné fyzikalné relevantni zptsoby kvantovani, které umozni studovat vliv
kvantovani na chaotické vlastnosti kvantového systému. Podrobné popiseme proces dia-
gonalizace a konvergence vlastnich hodnot pfi pouziti konecné baze. Na zavér ukazeme
vysledky vychézejici jednak ze spektralnich statistik (zavislost Brodyho parametru a
parametru 1/f Sumu na energii a jejich srovani s klasickym fies), jednak z vizulni
Peresovy metody (kompletni piehled Peresovych mfizi).

Kvantovou verzi GCM se podrobné zabyvaji clanky [Str09a] (spektralni statis-
tiky hladin a srovnani kvantové a klasické miry chaosu), ktery je uveden v piiloze IV,
a [Str09b] (Peresova metoda), pretistény v ptiloze V.

2.3.1 5D kvantovani

Vyjdeme z uplného Hamiltonidnu geometrického modelu s péti stupni volnosti (odtud
oznaceni 5D), obsahujicim kineticky ¢len (2.2) a potencial (2.9). Hamiltonidn kvantujeme
v ,r-reprezentaci® zavedenim operatort

.0
7TN = —lhaT% (244)

splnujicicimi komutacni relace mezi hybnosti a souradnici
[, ™) = 1hd . (2.45)

To vede na kineticky ¢len v proménnych vnitini soustavy [Eis70, Hru0§]

T:Tvib_l'Trot

(1 0 0 1 1 0 0
Ty = —— (=Lt 4 — 9 singy— 2.4
vib 2K (ﬁ‘*(‘?ﬁ 8ﬁ+ﬁZSin3787 Sm‘%ay) (2:46)

3

11 Ji
Tt = 55 432 ; sin? (y — 2°k)’

kde Ji jsou slozky momentu hybnosti. Rota¢ni ¢len miizeme vyjadiit pomoci momentu

setrvacnosti Zy,
3

I
Toot = Z ST (2.47)
k=1
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jehoz explicitni tvar, ziskany srovnanim poslednich dvou vyrazi, zni

T, = 4K 3*sin? (’y — 2%1{) : (2.48)

Jak bylo jiz zminéno v ¢asti 2.2.5, moment setrvacnosti zavisi na soufadnici § a pro
# = 0 nabyva nefyzikdlni hodnoty Z; = 0. To znamend, Ze rotace nedeformovaného
tvaru nenese zadnou energii nezavisle na velikosti tthlové frekvence.

My budeme, stejné jako v klasickém ptipadé GCM, uvazovat jen podtiidu pohybt
s nulovymi rotacemi 7., = 0. Takto omezeny kineticky clen, tvofeny pouze vibracni
casti Tiyp, oznacime T0P),

Kvantova verze systému rovnéz podléha symetriim (2.6), které vyplyvaji z nejed-
noznacnosti umisténi systému do vnitini souradné soustavy. Diky tomu splnuji vinové
funkce relace

3
(8,7) =¥(B,—). (2.49)

U(G,y) = 0 (6,v+ 2—”)

2.3.2 2D kvantovani

Druhé moznost kvantovani spociva v nasledujicim postupu: Systém nejprve umistime
do vnitfni souradné soustavy, ¢imz upevnime tii rotac¢ni stupné volnosti, a teprve poté
provedeme kvantovani. Kineticky ¢len (2.17) kvantujeme vztahy

0
b e
0
Py = —1ha—y, (2.50)
spliujicimi standardni komutac¢ni relace mezi momentem hybnosti a soutadnici. Tim
obdrzime 2 5 5 5
1 1
TP — (2 =4+ ——|. (2.51)
2K \pop 06  [(3?0v?

Jelikoz jsme kvantovali ve vnitini souradné soustave, ve které jiz byla fixovana jedna
pevné vybrand realizace symetrii (2.6), nevede tento kineticky ¢len implicitné k pod-
minkdm pro vlnové funkce (2.49). Chceme-li srovnavat feseni obou druht kvantovani,
musime tyto podminky dodat rucné. To se tyka volby vhodné baze. Pokud bude baze
symetrie (2.49) spliiovat, bude je samoziejmé spliiovat i libobovolna vinova funkce.

U 2D systému existuji dvé moznosti symetrie feseni. Podle volby bazovych stavi
budou vlnové funkce bud sudé nebo liché vici zaméné v < —~. Piesto zlstane hustota
pravdépodobnosti suda, jak to vyzaduje (2.6). Podle podminek (2.49) s 5D piipadem
nejtésnéji souvisi pouze sudy systém, avsak liché rozsiteni poskytuje dalsi tiidu fesSeni,
kterou miizeme pouzit ke srovnani projevi kvantového chaosu pii riznych verzich kvan-
tovani téhoz systému. Ackoliv nelze ocekavat, ze spektra systému s rtiznym kvantovanim
budou totoznd, podle Bohigasovy hypotézy [Boh84| by spektralni statistiky mély byt
stejné.

Kromé 2D a 5D zptisobu kvantovani geometrického modelu lze nalézt dalsich neko-
necné mnoho moznosti kvantovani. Uvazovana dvé vSak maji dobry fyzikalni smysl.
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Kvantova verze obsahuje kromé fundamentalniho parametru 7 (2.10), udéavajiciho
tvar potencialu, jests parametr k = h?/K (2.11), jehoz sniZovani zvysuje hustotu hladin
systému. Nastavovani parametru ,klasicnosti“ s tedy umoznuje pro dané 7 zkoumat
presné spektralni statistiky na Sirokém intervalu energii i pii kone¢ném poctu hladin
ziskanych numericky. My budeme fixovat K = 1 a ménit pfimo hodnotu Planckovy
konstanty systému. Tento pristup se ukazuje vyhodnym zejména pii pouziti Peresovy
metody, jelikoz pro urcité Peresovy operatory dovoluje kvantitativné srovnat mrize zis-
kané pro stejné parametry systému, avsak s rozdilnou hodnotou parametru klasi¢nosti,
viz priloha V. Z hlediska kvalitativniho chovani systému je ptistup fixované ,hmotnosti“
K zcela ekvivalentni postupu, ve kterém ponechame Planckovu konstantu konstantni a

proménujeme K. Ilustrace vlivu parametru x na vysledné spektrum jsou v prilohach IV
aV.

2.3.3 Diagonalizace

Systém je diagonalizovan v bazi harmonického oscilatoru, ktery presné odpovida Hamil-
tonianu 2.2. Jeho potencial ve vnitini souradné soustavé zni

‘/osc = Aosc62' (252)

kde Ao je parametr baze, ktery mizeme nastavit a tim docilit co nejlepsi konvergence
vypoctu. K potencidlu je nutno pridat odpovidajici 2D ¢i 5D kineticky clen. VInové
funkce bazi v obou kvantovanich jsou dany analytickymi vyrazy obsahujicimi Laguerrovy
polynomy, viz priloha IV. Tvar vlnovych funkci baze rovnéz zavisi na typu kvantovani,
pro uvazované typy 2D a 5D kvantovani jsou vSak pribuzné. Energie jednotlivych bazo-
vych stavi jsou

€®D) — B (2n + 3m + 1),

5
D) = hQ (21/ + 3u + 5) : (2.53)

kde Q = \/2A4s./K a (n,m), resp. (v, u) jsou kvantova ¢isla ve 2D, resp. 5D kvantovani,
nabyvajici hodnot 0,1,2,....

Vypoctu maticovych elementt se podrobné vénuje priloha IV, kde jsou také uve-
deny explicitni algebraické vztahy pro prvky matice GCM Hamiltonidnu v bézi (2.52).
Moznost pfimého algebraického vyjadfeni maticovych elementti snizuje numerickou na-
rocnost vypoctu spektra. Bazové stavy jsou vybirany tak, aby jejich energie splnovala

€mn < BN o (2.54)

(vztah je stejny pro pro stavy ve 2D i 5D kvantovani), pficemz jako Npax jsme oznadili
maximalni moznou energii bazovych stavii v jednotkach h€). Jedna se o konstantu, kterou
zvenc¢i omezujeme velikost baze.

Hamiltonovu matici je mozné uspotadat do pasové formy (diky vybérovym pravidlim
mezi maticovymi elementy), coz umozni pouzit efektivni algoritmy pro diagonalizaci.
Matice ma podle (2.53) rozmér ptiblizné

1 Nmax Nmax Nr2nax
~ = = (2.55)

d"" 9
2 2 3 12
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avsak sitka b nenulového pasu je srovnatelna hodnotou
b~ 2N (2.56)

Diky tomu, ze Hamiltonova matice je symetricka, je nezavisla je pouze polovina hodnot
nad diagonalou. Matice rozméru d ma tedy

ng = d * g — dV3d (2.57)
elementti. Do 1GB RAM paméti, pokud ¢isla reprezentujeme 8bytovym typem double,
se vejde pasova matice dimenze d ~ 170000, zatimco v pripadé celé ¢tvercové matice
jsme schopni do stejného mnozstvi paméti umistit pouze matici s rozmérem d ~ 11000*3.
Druhou otazkou je samoziejmé casova naroc¢nost vypoctu. Ta roste u pouzité metody
zhruba se tfeti mocninou rozméru matice, pricemz pro matici rozméru d = 100000
trva vypocet na jednom jadru procesoru Intel Q9550 3GHz pfiblizné 60 hodin. Z toho
vyplyva, ze rozmér matice d = 100000 odpovidajici Npax = 1100 je rozumny limit
dosazitelny na vétsiné dnesnich pocitact. K diagonalizaci je pouzita procedura dsbevx
z knihovny LAPACK, specialné urcena k nalezeni vlastnich ¢isel a volitelné také vlastnich
vektort symetrickych pasovych matic.

Geometricky model ndm tedy nabizi moznost vypoctu velkého souboru hladin, ¢ehoz
je velkou vyhodou pii zkoumani jemnych jevi. Kromé této prace bylo tohoto aspektu
vyuzito pfi studiu kvantovych fazovych prechodu na excitovanych stavech [Cej08|.

Zabyvejme se nyni konvergenci diagonalizace v konecné bazi. V ni budou pfesné
energie GCM systému dobfe aproximovany pouze ¢asti vlastnich hodnot kone¢né matice
Hamiltonidnu. Vzdalenosti mezi hladinami s; budou k presnosti vypoctu jesté citlivéjsi,
jelikoz pfi jejich vypoctu jsou odecitana blizka cisla, jejichz vzdalenost se s rostouci
energii dale snizuje (z divodu rostouci hustoty hladin systému). Ziskdme-li diagonali-
zaci kromé vlastnich hodnot i vlastni vektory, pak dobte konvergujici hladiny od zbytku
odlisuji zanedbatelné hodnoty ve slozkach vlastnich vektorii pochéazejicich od stavi baze
blizkych ofiznuti Np... Pokud zanedbatelné nejsou, znamena to, ze ma dany stav ten-
denci ,prelézt“ za hranici pouzité baze a k jeho popisu jsou potieba dalsi stavy, které
jiz v bazi chybi.

Vypocet vlastnich vektori je vSak naro¢ny na pamét pocitace a pro vétsi matice
nemozny. Konvergenci jsme proto zkoumali odliSnou metodou, ktera je ilustrovana na
obrazcich 2.10 a 2.11. Spektrum GCM systému jsme spocitali pro jednu sadu parame-
tri s riznymi velikostmi bazi. Pro energetické spektrum vypocitané pro dané hodnoty
parametri a dvé baze o velikostech d; < dy

EM =1, d—1
d .
B, =1, dy—1 (2.58)

definujme absolutni
AE; = |[E™ — g (2.59)

7

BNepoditdme samoziejmé rezii, kterou potiebuje diagonalizaéni procedura. Pokud nepozadujeme
vlastni vektory, je tato dodatecna pamét vicéi velikosti matice zanedbatelna. Hledame-li i vliastni vektory,
paméfova naroénost prudce vzroste, nebot k jejich ulozeni jiz potiebujeme pole o velikosti d?.
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a relativni diferenci

AF;
5E7, = :

kde: =1,...,d; — 1. Je-li urcita energeticka hladina stabilni pii zvétseni baze, tj. jeji
diference je mala, znamena to, Ze tato hladina dobfe konverguje jiz v mensi bazi.

Podivejme se nyni na ilustraci této metody na obrazku 2.10. Pro vypocet spekter ve
2D kvantovani geometrického modelu s B = 0.62, A = —1 a Planckovou konstantou xk =
0.005 tu byly pouzity baze velikosti d; = 19360 (Nyax1 = 480) a dy = 39905 (Npax2 =
690). Panel (a) znazornuje absolutni diference, panel (b) relativni diference v zévislosti
na energii. VloZzeny graf v panelu (b) ukazuje relativni diference v zavislosti na indexu
hladiny. Pozorujeme, Ze pro nizkolezici hladiny jsou relativni odchylky téméi nulové.
Tyto hladiny bezpecné konverguji. Od urc¢ité hladiny vsak zacne odchylka prudce rust,
coz znaci rychle se zhorsujici pfesnost urceni spektra. Citlivost vypoctu spektralnich
statistik je zndzornéna na panelu (c). Je zde zakreslen Brodyho parametr v zévislosti
na energii (detaily vypoc¢tu budou uvedeny v nésledujici ¢asti) pro obé velikosti baze
a rizovou carou je zachycen okamzik, ve kterém se obé kiivky za¢nou rozchazet. Polohu
rizové cary lze chapat jako mez presnosti vypoctu v mensi z obou bazi. Zavér tedy zni:
Ze souboru vypoctenych hladin Ei(dl) 1ze brat ty, které vyhovuji podmince §F; < 1072,
To odpovida necelym 9000 hladinam z celkového poctu 19360.

Uvedeny postup byl je jesté jednou zopakovan pro d; = 39905 (Npax1 = 690) a
dy = 59080 (Npax2 = 840), viz obrazek 2.11. Vypocet Brodyho parametru je opét
stabilni pro necelou polovinu ziskaného spektra.

Konvergence samoziejmé zavisi na parametrech modelu a na velikosti Planckovy
konstanty. Je-1i Planckova konstanta mala (tj. stavy jsou velmi blizko u sebe) a volime-li
takové parametry, Ze minimum systému lezi mimo pocatek souradné soustavy (defor-
movany tvar), bude velké mnozstvi stavii lokalizovanych v tomto minimu. Jelikoz ma
systém béaze minimum v pocatku soutadné soustavy, bude potieba obrovského mnozstvi
bazovych stavi, aby diagonalizace konvergovala. Pro velmi malé A se nam tedy podari
ziskat jen velmi maly pocet dobfe konvegujicich hladin (nebo dokonce vibec zadnou).
V tomto ptipadé lze zpresnit vypocet jen vhodnéjsi volbou baze.

Na zavér zkoumejme zavislost konvergence na parametru A,e.. Jeho optimalni me-
todu lze urcit podobnym postupem jako konvergenci. Diagonalizace v konecné bazi dava
horni aproximaci skute¢nych vlastnich hodnot (které bychom dostali v bazi tplné). To
znamena, ze pro zvolené hodnoty parametri GCM existuje optimalni A((fs%, pro které jsou
energie co nejnizsi. Pro dobte konvergujici systém neni optimalni hodnota jen jedna, ny-
brz lze volit libovolnou hodnotu z intervalu A, < A(()OSB; < Apax. Heuristikou jsme
zjistili, ze optimalni AL nalezneme timto zpusobem:

e Nejprve minimalizujeme stopu matice Hamiltonianu pred diagonalizaci vzhledem

k parametru Ags.. Tak ziskdme hodnotu A/ ..

e Optimalni hodnota lezi v intervalu

1A’ < AL < 2A’

2 osc — OosC — 3 0sc?

(2.61)

pricemz pro rozsahlé baze se vice priklani k pravé ¢asti intervalu.
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Obrazek 2.10: Test konvergence diagonalizace pro dvé baze velikosti d; = 19360 a d2 = 39905
v GCM systému ve skdlovani A = —1 s parametry B = 0.62, i = 0.005. (a) zobrazuje absolutni
rozdil energii obou soubori, (b) relativni rozdil. (¢) ukazuje zavislost Brodyho parametru pro

oba dva soubory.
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E

Obrazek 2.11: Totéz jako u obrazku 2.10, avSak pro béaze velikosti d; = 39905 a do = 59080.
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2.3.4 Brodyho parametr a srovnani klasické a kvantové dyna-
miky

Nyni pfikro¢ime k prezentaci vysledk kvantové verze GCM. Ukazeme zavislost miry
chaosu, popsané Brodyho parametrem, na energii a na parametrech modelu a srovname
ji s klasickou mirou feq. Jelikoz podobné vysledky publikuje prace [Str09a] (pfiloha IV)
bude diskuze vysledkii stru¢na. Brodyho parametr zde budeme poé¢itat pomoci x? fitu,
aplikovaného na odhad distribu¢ni funkce Brodyho rozdéleni (1.60), zatimco v pfiloze IV
pouzivame linearni aproximaci hodnot ziskanych specialni transformaci vzdalenosti nej-
blizsich hladin. Pouziti rozdilnych metod umoznuje jejich srovnani.

Postupy, které budeme aplikovat, jsou uvedeny v ¢asti 1.3.5 tykajici se kvantového
chaosu ve smisenych systémech. V konkrétnim pripadé geometrického modelu budeme
postupovat takto:

1. Nejprve spocitame vlastni hodnoty matice Hamiltonianu v bazi ¢itajici priblizné
60000 stavi.

2. Ze ziskanych vlastnich stavii vybereme pouze ty, které dobfe konverguji (téch je
v pocitanych ptipadech piiblizné 30000).

3. Interval nejnizsich 1000 po sobé jdoucich konvergujicich energii unfoldujeme po-
moci polynomialniho unfoldingu (v nasem pfipadé je dostateéné hustého spektra
sta¢i uvazovat polynom 3. stupné) a fitovanim podle vztahu (1.59) nalezneme od-
had Brodyho parametru w pfi energii, ktera lezi ve stfedu intervalu. Smérodatnou
odchylku ur¢ime z obrazku 1.13.

4. Posuneme pocatek intervalu s krokem 200 k vyssim konvergujicim energiim a bod
3 opakujeme pro vsechny konvergujici hladiny.

Pro 5D systém a 2D systém v sudém i lichém kvantovani a pro rizné hodnoty
Planckovy konstanty jsou dopliiky 1 —w Brodyho parametru uvedeny v obrazcich 2.12—
2.14 pro B =0.24, B = 0.62 a B = 1.09 ve skalovani A = —1 modelu GCM a dale v
obrazcich 2.15a2.16 pro A = 0, A = 0.25 ve skdlovani B = 1 (posledni zmitiovany piipad
odpovida fazovému prechodu, viz ¢ast 2.1). Pro pfimé srovnani s klasickym pfipadem je
v grafech uvedena hodnota f., ziskand vertikalnimi fezy z mapy 2.5. Zobrazena chyba
odpovid4 hornimu odhadu A f,e; = 0.02, skutecna chyba klasické miry regularity bude
nizsi. Na uvedenych obrazcich pozorujeme dobry kvalitativni souhlas klasické i kvantové
miry regularity. Extrémy zavislosti fres(E) koresponduji s extrémy 1 —w(E). Z toho lze
usuzovat na monoténnost vztahu mezi obéma mirami. KVantitativné se nachazi Brodyho
parametr systematicky vyse, neshoduje se s klasickou mirou ani v mezich chyby. Shoda
vsak neni oc¢ekavana, jelikoz obé miry jsou definovany zcela nezavisle a navic, jak bylo
uvedeno, Brodyho parametr je umeéle zavedeny a jeho jedinou matematickou motivaci
je interpolovat mezi Poissonovym a Wignerovym rozdélenim. Nadhodnoceni regularity
Brodyho parametrem je pozorovano i v praci [Gom05].

2.3.5 1/f Sum

Metoda 1/f Sumu byla zavedna v ¢asti 1.3.7. Pti vypoctu hodnoty parametru «, ktery
urcuje chaoticitu této metody, budeme sledovat podobny postup jako pri urcovani Bro-
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Obrazek 2.12: Srovnani klasické miry freg @ kvantové miry 1 — w regularity pro GCM systém
ve skalovani A = —1 s parametrem B = 0.24.
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Obrazek 2.13: Stejné jako obrazek 2.12, avsak pro parametr B = 0.62.
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Obréazek 2.14: Stejné jako obrazek 2.12, avsak pro parametr B = 0.109.
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Obrazek 2.15: Stejné jako obrazek 2.12, avSak ve Skalovani B = 1 s parametrem A = 0.
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Obrazek 2.16: Stejné jako obrazek 2.12, avSak ve skdlovani B = 1 pro parametr A = 0.25
(fazovy prechod).

dyho parametru. Opét budeme uvazovat interval sousednich hladin a posouvat jej s kro-
kem 200 podél celého spektra. Do intervalu tentokrat umistime 1024 hladin, abychom
co nejefektivnéji vyuzili kapacity rychlé Fourierovy transformace. Po unfoldovani spek-
tra ur¢ime ¢asovou fadu J; (1.62) a jeji vykonové spektrum S(f) (1.63). Zobrazime-li
toto spektrum v logaritmicko-logaritmické zavislosti, ziskdme linearni regresi parametr
a (1.64) vcetné jeho smérodatné odchylky.

Na obrazcich 2.17 a 2.18 jsou uvedeny energetické zavislosti veliciny a—1 (tyrkysové)
a pro srovnani je zopakovana kiivka klasické miry regularity fie, (Cerné), a doplnék
Brodyho parametru (¢ervené). Jako chyby veli¢iny a—1 jsou uvedeny pouze smérodatné
odchylky ziskané z linearni regrese. To vSak neni jedina chyba, ktera vstupuje do hry.
V sekci 1.3.7 bylo uvedeno, ze vypoctené hodnoty vykonového spektra jsou jen vybérovou
hodnotou ze souboru ¢asovych fad, které prislusi hodnota «a. Je tedy samo nahodnou
veli¢inou se stfedni hodnotou a disperzi [proto je nutné stiedovat pfes soubor ¢asovych
fad, viz rovnice (1.64)]. Zatimco u bilidrdu je toto stfedovani proveditelné diky tomu,
ze jakakoliv cast spektra prislusi stejnému souboru c¢asovych fad s danym «, v pripadé
GCM, kde « zavisi na energii a je pro kazdy tusek spektra jina, stfedovani provést
nelze. Skuteéna chyba A(a — 1) je tedy vyssi, nez jak je zobrazena na obrazcich 2.17
a 2.18. Miuze dokonce zahrnout odchylky od kifivek pro zbylé dvé miry, se kterymi
nedochazi v ilustrovanych pripadech ani ke kvalitativnimu souhlasu. Krivka ziskana
metodou 1/ f $Sumu dokonce proniké hluboko do zépornych hodnot a opousti tak interval
(0;1), ktery se rozpind mezi zcela chaotickym a zcela regularnim p¥ipadem. Nemoznost
stfedovani ptes soubory tedy znemoziiuje pouziti metody 1/f Sumu jako miry regularity
v systémech s energetickou nebo parametrickou zavislosti chaoti¢nosti.
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Obrézek 2.17: Srovnani mér regularity freg, 1 —w a a—1 v systému GCM se skalovanim A = —1

s parametrem B = 0.24 a ve 2D sudém kvantovani s Planckovou konstantou A = 0.005.
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Obrazek 2.18: Stejné jako obrazek 2.17, avsak pro parametr B = 0.62.



72 KAPITOLA 2. GEOMETRICKY KOLEKTIVNI MODEL

2.3.6 Peresovy mrize

V posledni ¢asti této kapitoly ukazeme Peresovy mfize, které umoznuji vizualizovat kom-
plexitu a vyvoj chaotickych a regularnich oblasti pfi zménach parametri v kvantové verzi
GCM. Podobné, jako byla v sekci 2.2.4 znazornéna kompletni mapa klasického chaosu
v geometrickém kolektivnim modelu (viz obrézek 2.5), zde s podobnou tplnosti uve-
deme kvantové Peresovy miize. Peresovym miizim v GCM se vénuje publikace [Str09b]
(ptiloha V), kde je kromé obsahlé diskuze demonstrovana zavislost vzhledu m¥izi na
pouzitém kvantovani, na velikosti Planckovy konstanty, ukazana nezavislost regularnich
a chaotickych oblasti v mfizi na volbé Peresova operatoru a podrobné diskutovano né-
kolik zajimavych oblasti, jmenovité oblast naruseni integrability B ~ 0 a oblast linie
regularity B ~ 0.62 pfi skalovani A = —1 GCM systému. Tato sekce bude slouzit jako
doplinkovy obrazovy material k uvedené ptiloze.

Budeme uvazovat dva odlisné Peresovy operatory:

1. Operator neintegrabilni poruchy
H' = [3*cos 3, (2.62)

ktery udava vliv poruchy na jednotlivé stavy a ktery je nulovy v integrabilnim
pripadé, jak je ukazano v priloze V.

2. Casimirtuv invariant O(2), resp. O(5) algebry omezeny na nulové rotace [nulovy
Casimirtv operator podalgebry O(3) C O(5)] pro 2D, resp. 5D. kvantovani (ope-
rator seniority)

2 2 0
0 0
L2, = K2 — sin 3y—. 2.64
5D sin 3y 0y S 37(37 (2.64)

Jelikoz lze algebraicky vyjadrit maticové elementy téchto operatorti pro vlastni stavy
harmonického oscildtoru tvorici bazi pro diagonalizaci GCM, je vypocet Peresovych
stfednich hodnot nenaro¢nou numerickou zalezitosti.

Obrazky 2.19-2.23 obsahuji Peresovy mfize se 4000 body pro vybrané hodnoty pa-
rametri podél celé cesty (2.12), vypocitané pro 2D kvantovani geometrického modelu
s Planckovou konstantou A = 0.01. Zobrazeny jsou ve vSech pripadech mtize se stfednimi
hodnotami obou Peresovyjch operatorti (L3p), (H'). Dilezita je souvislost reguldrnich
casti miize se vzrustem regularity na dané energii, kterou lze srovnat s mapou regu-
larity 2.5 nebo s obrazky 2.12-2.14 a ktera je diskutovana v ptiloze V. Pro B = 0
je systém integrabilni, ¢emuz odpovida zcela pravidelnd miiz (navic plati (H') = 0).
Rostouci neintegrabilni porucha tizena parametrem B zpocatku zptisobi pouze lokalizo-
vané deformace struktury mtize, avsak dalsi vzrist vede k rozpadu vétsiny pravidelnych
struktur, viz hodnoty B € (0.2,0.5). Oc¢ekavany zlom tohoto chovéani okolo B =~ 0.6,
souvisejici s linii regularity, je pozorovan na obrazku 2.20. Zejména v oblasti nizkych
energii se v mfizich zacnou objevovat nové regularni ostrovy. Ty vSak opét zmizi pro
vyssi hodnoty B.

Regularni oblasti pro nizké energie mizi i pti rostoucim A ve skdlovani B = 1, viz
obrazky 2.21 a 2.22. Podle obrazku 2.5 by méla byt nejvyraznéjsi chaoticita pozorovana
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Obrézek 2.19: Peresovy miize pro operatory L? a H' ve 2D sudé verzi kvantového geomet-
rického kolektivnim modelu ve skalovani A = —1. Hodnoty parametru B jsou vzdy uvedeny
u grafu pro operator L2, tésné pod nim se nachézi odpovidajici graf pro operator H'. Zobrazeno
je 4000 nejnizsich hladin vypocitanych pro A = 0.01.
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Obrazek 2.20: Pokracovani obrazku 2.19.

Obrazek 2.21: Stejné jako obrazek 2.19, avsak ve skalovani B = 1 pro A zaporné. Hodnoty
parametru A jsou opét uvedeny v zahlavi odpovidajicich si dvojic obrazku.
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Obrazek 2.22: Stejné jako obrazek 2.21, avSak ve
oramovana situace odpovidajici fazovému prechodu.

gkalovani B = 1 pro A kladné. Zelené je
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Obrazek 2.23: Stejné jako obrazek 2.19, avSak ve skdlovani A = 1. V zdhlavi odpovidajicich
si dvojic obrazkl jsou uvedeny hodnoty parametru B.
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v oblasti fazového pfechodu (na obrazku 2.22 je vyznacena zelenym rameckem), ovsem
pro tak nizké energie, které jiz lezi mimo rozliSovaci schopnost uvedenych rezii. Dalsi riist
A s sebou prinasi novou regularni oblast, ktera se z vysokych energii posouva smérem
k nizsim.

Zbyva vysetrit posledni oblast Skalovani A = 1. Podle obrazku 2.5 je tato oblast
v klasickém piipadé jiz velice regularni. To pozorujeme i v kvantovém piipadé na ob-
razku 2.23. Zejména pro B < 0.5 se ve struktufe mfize vyskytuji pouze izolované ,dis-
lokace“. Poznamenejme, Ze prechod od integrabilniho B = 0 k nepatrné porusenému
neintegrabilnimu pfipadu s malym B se vyrazné kvalitativné lisi v pfipadech A = —1 a
A = 1. Zatimco v prvnim z nich (viz obrazek 2.19 a rovnéz piiloha IV) dojde ke skokové
zméné ve struktufe miizi, projevujici se v miiZ pro (L?)op jejim roztrZenim v oblasti
energii £ € (0,0.5) a v mfizi pro (H') okamzitym objevenim vysokych hodnot, v pfi-
padé A = 1 je pozorovan spojity prechod s postupnym pomalym objevovanim deformaci
miize. Pro A < 0 je totiz na poloptimce B = 0 fazovy prechod z protéahlého do zplosté-
1ého deformovaného tvaru (viz diskuze tykajici se obrazku 2.1), pfi¢emz samotny piipad
B = 0 odpovida situaci, kdy potencial nezavisi na thlu v a pfitom By, > 04 tj. v
zékladnim stavu neni preferovana zadna hodnota parametru deformace v. Pro A > 0 a
B = 0 k zadnému fazovému prechodu nedochézi, zakladni stav lezi v 7 = 0 a odpovida
tedy sférickému tvaru.

Srovnani s kompletni mapou klasické regularity neni na zakladé uvedenych mftizi
uplné. Miize umoznuji sledovat rozmisténi hladin mezi chaotické a regularni oblasti
pouze v omezeném energetickém intervalu, ktery zdaleka nepokryva rozsahlou energe-
tickou skalu obrazku 2.5. Presto jiz na tomto malém intervalu pozorujeme dobry sou-
hlas mezi ristem regularity a velikosti regularni ¢asti Peresovy mfize. Zménou velikosti
Planckovy konstanty lze energeticky interval miizi dale rozsifit na vyssi energie (jejim
zvétsenim) Ci ziskat detaily energii nizkych (jejim snizenim).

14Tzv. deformovany ~-soft piipad.
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KAPITOLA 2. GEOMETRICKY KOLEKTIVNI MODEL



Kapitola 3

Shrnuti

Tato prace se zabyva studiem projevii klasického a kvantového chaosu v systému geome-
trického kolektivniho modelu atomovych jader v piipadé nulového momentu hybnosti
(model popisujici vibraéni stupné volnosti jader pro J = 0). Model je vyuzivan i v ne-
realistickém rezimu velmi vysokych excitaci, kdy slouzi jako platforma pro testovani
klasického a kvantového chaosu.

Prvni kapitola prace za¢ina tivodem, ktery ilustruje zakladni projevy chaosu ve fyzice.
Néasleduje popis metod, které umoznuji zobrazit a mérit chaos v klasickych a kvantovych

vvvvvv

e (Grafickd metoda Poincarého rezu.

e Metoda vyrovnavani smért dvojice odchylek (SALI) pro odliSeni regularnich a cha-
otickych trajektorii.

o Geometrickd metoda, ktera je aplikaci metod diferencidlni geometrie na klasické
systémy popsané jednoduchou Hamiltonovou funkci a ktera poskytuje jednoduché
kritérium pro stabilitu ¢i nestabilitu klasického systému.

Metodu SALI jsme zkombinovali s metodou Poincarého fezii a tim jsme vytvorili efek-
tivni nastroj na urceni miry regularity klasického systému se dvéma stupni volnosti.
Miru jsme ozna€ili feg.

7 kvantovych metod pouzivame:

e Statistiku vzdalenosti nejblizsich hladin kvantovych spekter a s ni souvisejici Bro-
dyho rozdéleni s parametrem w, jimz lze méfit miru regularity kvantového systému.

e Metodu 1/f Sumu, poskytujici svym parametrem « alternativni miru regularity
k Brodyho parametru.

e Peresovu metodu, ktera umoznuje vizualné odlisit skupiny regularnich hladin od
hladin chaotickych a ktera poskytuje hlubsi pohled na kvantovou dynamiku inte-
grabilnich i neintegrabilnich systémii.

Kapitola 2 obsahuje aplikace vyse uvedenych metod na geometricky kolektivni mo-
del. Jeji prvni ¢ast se vénuje zavedeni modelu, ukazuje fazovou strukturu a moznosti
skalovani, které umoznuji popsat vsechny mozné konfigurace modelu pomoci jednoho

79
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parametru 7 v pfipadé klasickém, resp. pomoci dvou parametrt (7, k) v pfipadé kvan-
tovém.

Druhéa cast kapitoly 2 se zamétuje na klasickou verzi geometrického modelu, expli-
citné uvadi vztahy pro pohybové rovnice a Jacobiho matici, kterou vyuziva SALI me-
toda. Velky prostor je vénovan aplikaci geometrické metody, jejiz studie v ramci GCM
prozatim nebyla publikovana. Je ukazano, ze kritérium prechodu od stabilni k nestabilni
dynamice souvisi se zakrivenim hranice kinematicky dostupné oblasti, pficemz konkavni
hranice odpovida nestabilité.

Vyvrcholenim této ¢asti je zobrazeni kompletni mapy regularity GCM systému v za-
vislosti na volném parametru a energii. Mapa ukazuje na vysokou rozmanitost systému
a dovoluje pozorovat struktury, které jednotlivé zavislosti f..; na energii nebo parametru
nedovoluji. Na této mapé je téz demonstrovana presnost geometrické metody. Ukazuje
se, ze v blizkosti hranice, kterd ma oddélovat oblasti s regularni dynamikou od oblasti
chaotickych, metoda selhava. Na vétsich skalach vsak poskytuje dobré voditko k urceni
charakteru dynamiky.

Zbytek druhé c¢asti kapitoly 2 je vénovan rozsiteni kinetického ¢lenu GCM tak, aby
kompenzoval nefyzikalni chovani momentu setrvacnosti a aby se pfiblizil kinetickému
¢lenu modelu interagujicich bosonti. Na ptikladu zavislosti regularity pti nulové energii
na volném parametru systému je ukazano, ze modifikace kinetickych clenti nenarusi
vyznamnou oblast regularity, ktera je spole¢na obéma kolektivnim modeltim.

K této druhé c¢asti kapitoly 2 neoddélitelné patii nasledujici ptilohy:

e Priloha I, odpovidajici ¢lanku [Cej04], ukazuje (i) komplexni zavislost regularity
freg Na vnéjSim parametru modelu pfi nulové energii. ktera je ilustrovana rovnéz
pomoci Poincarého ez, a (ii) zavislost regularity na energii pro nékolik hodnot
parametri modelu, pricemz klade dtiraz na podrobné zobrazeni okoli nulové ener-
gie, ve kterém regularita vykazuje prudké zmény. Je zobrazen rovnéz logaritmicky
narist regularity pro vysoké energie. K vypoctu fes zde pouzivame metody, kterd
vychazi z Poincarého fezt, ale ne ze SALI metody; regularni a chaotické trajek-
torie jsou rozliSovany podle toho, jak velkou plochu protnou na Poincarého fezu.
Diskutujeme souvislost regularity v bodé parametrického prostoru, ve kterém se
systém vykazuje kritickou dynamickou symetrii X (5).

e Priiloha II, ve které je pretistén ¢lanek [Str06], podrobné odvozuje z Hamiltonianu
geometrického modelu pohybové rovnice, diskutuje fazovou strukturu modelu a ex-
plicitné uvadi vztahy pro rtizna skalovani. Vénuje se studiu nerotujiciho pripadu,
avsak zkoum4d téz vliv rotace kolem pevné osy na regularitu systému. Ukazuje, Ze
v klasické dynamice neni pfechod mezi rotujicim a nerotujicim pripadem spojity,
coz souvisi se singularnim chovanim momentu setrvacnosti pro 3 = 0. Ptiloha obo-
hacuje ilustrace zavislosti regularity na parametru a na energii, které byly uvedeny
v priloze I, a zobrazuje je v jiném skalovani. To umoznuje ukazat regularitu pro
jiné hodnoty parametri. Pozornost je vénovana zejména oblasti fazového prechodu
z deformovaného do sférického tvaru. Demonstrujeme také tésnou souvislost mezi
konkavitou hranice kinematicky dostupné oblasti a chaoticitou systému a poprvé
zminujeme vztah mezi vyraznym maximem regularity v geometrickém kolektivnim
modelu a linii regularity v pfibuzném modelu interagujicich bosont.



81

e Piiloha III, kterda odpovida ¢lanku [Str07], uvadi rozsifeni kinetického ¢lenu Ha-
miltonidnu geometrického modelu (v hlavnim textu je toto rozsifeni oznaceno jako
typ II) a vypisuje explicitni vztahy pro jeho Skdlovani. V§im4 si pozoruhodnych
vztahtl mezi hodnotami volného parametru, na kterych se nachézi maxima regu-
larity pii nulové energii. Tyto hodnoty jsou navzajem velmi piesné v pomérech
celych cisel.

Treti ¢ast kapitoly 2 se obraci ke kvantové verzi geometrického modelu. Zavadi dva
ruzné zpusoby kvantovani (oznacili jsme je 2D a 5D), podrobné se vénuje technickym
aspektim diagonalizace rozsahlych matic Hamiltonianu v odpovidajici bazi a zkouma
konvergenci hladin v zévislosti na velikosti baze. Poté srovnava klasickou miru f,e, s mi-
rou regularity spocitanou ze spektralnich statistik pomoci Brodyho parametru a s mirou
regularity danou exponentem 1/ f Sumu. Zatimco Brodyho parametr dava dobry kvalita-
tivni souhlas s klasickou mirou, a tim potvrzuje platnost Bohigasovy hypotézy [Boh84],
ukazuje se, ze 1/ f metodu nelze kvuli $patné statistice v pripadé GCM pouzit. Zbyvajici
prostor kapitoly o geometrickém modelu je vénovan kompletnimu ptfehledu Peresovych
miizi pro dva rizné Peresovy operatory.

K tteti casti kapitoly 2 patii nasledujici prilohy:

I

e Piiloha IV, kterd obsahuje text ¢lanku [Str09al, pojednava ve velké §ifi o kvan-
tovani modelu a uvadi explicitni vyrazy pro vypocet maticovych elementi Hamil-
tonovy matice v systému GCM a vzorce pro vinové funkce. Zobrazuje rozdilnost
spekter a vinovych funkei pti 2D sudém, 2D lichém a 5D kvantovani a tuto skutec-
nost dava do kontrastu se shodou spektralnich statistik, reprezentovanych Brodyho
parametrem w. K vypoctu w uziva jinou metodu, nez s jakou je pocitano v hlavnim
textu, a podrobné diskutuje vztah mezi Brodyho parametrem a hustotou hladin,
ktera je timérna ,kvantovému“ parametru modelu k.

e Piiloha V| odpovidajici ¢lanku [Str09b], za¢ind podrobnym popisem Peresovy me-
tody. Nasledné na Peresovych mftizich a hustotach vinovych funkeci ilustrujeme vliv
poruchy fizené parametrem B zavedené integrabilniho B = 0 rezimu. Na prikla-
dech vlnovych funkci vysoce excitovanych hladin pochéazejicich jak z regularni, tak
z chaotické ¢asti miize demonstrujeme, ze hladina prislusi regularni nebo chaotické
oblasti nezavisle na volbé Peresova operatoru ke konstrukci mrize. Ukazujeme sou-
vislost m¥izi s klasickou mirou chaosu (rist regularity v klasickém p¥ipadé souvisi
s mohutnéjsi regularni strukturou v miizi) a pocitdme i klasickou analogii Pere-
sova invariantu, ktera rovnéz umoznuje porovnat klasicky a kvantovy pripad. Na
zaver se zabyvame oblasti v okoli linie regularity (kvaziregularni oblasti) a ukazu-
jeme, Ze v této oblasti zacinaji § a vy vibrace, do té doby pfitomné pouze hluboko
v minimech potencialu, pronikat do oblasti kladnych energii.

V dodatcich jsme uvedli jednak vztahy pouZité pro vypocet fieg v systému IBM, ktery
byl proveden pro srovnani dynamiky obou ptibuznych kolektivnich modeli (dodatek A),
jednak navod k pouziti programu, ktery umoznuje provadét veskeré vypocty, jejichz
vysledky jsou uvedeny v této praci (dodatek B).

Hlavni vystupy mé doktorské prace jsou c¢lanky pretisténé v prilohéach, které byly
publikovany v recenzovanych c¢asopisech. Mimo hlavni linii predlozeného textu lezi ca-
sopisecké publikace [Mac07a, Mac07b, Mac09|, které srovnavaji dynamiku geomet-
rického modelu a modelu interagujicich bosoni, a ¢lanky [Cej08, Cej09a], vénované
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studiu kvantovych fazovych prechodi. Mé prace se také tykaji prispévky v konferenc-
nich sbornicich [Cej06, Cej09b, Str09c|. Velka ¢ast vysledki je rovnéz vystavena na
webu [www].

I pres dlouhé a podrobné studium modelu stale existuji nezodpovézené otazky. Jedna
se o puvod ostrych maxim na energii £ = 0, zminénych v priloze III. Rovnéz ,zila“
regularity, ktera se objevuje ve skalovani B = 1 na energii £ &~ 24 a je zminéna v diskuzi
k obrazku 2.5, je pozoruhodny a zatim nevysvétleny jev. Na poli kvantového chaosu by
bylo zajimavé pozorovat, jak se zméni Peresovy mrfize v pripadé, kdy systém zacne
rotovat. K analyze by v tomto pfipadé bylo mozné pouzit nové odvozené algebraické
techniky diagonalizace obecného GCM Hamiltonidnu (viz napfiklad [Bae08]).

Geometricky kolektivni model v nerotujicim rezimu se ukazuje jako vyborny nastroj
pro studium chaotické dynamiky a to diky své jednoduchosti a pfitom bohatosti chovani.
V kvantové verzi umoznuje pocitat rozsahlé soubory hladin, coz je dilezita vlastnost pri
studiu spektralnich statistik. Umoznuje testovat nové metody klasického a kvantového
chaosu, ¢imz dopliuje Siroce pouzivané systémy biliardt ¢i vazanych oscilatori.



Priloha A

Klasicka dynamika IBM

Tento dodatek primo nesouvisi s hlavnim textem prace. Jeho obsahem jsou vztahy pro
vypocet klasické dynamiky modelu interagujicich bosonti, které jsou implementovany v
programu (viz dodatek B). Budou uvedeny v maximélni stru¢nosti, jelikoz jejich pouziti
je naprosto stejné jako u modelu GCM 2.2. Vypocty byly pouzity v ¢lanku [Mac07a],
kde je praveé srovnavana klasickd dynamika obou modeli—jednoduchého geometrického

modelu a IBM. V ném jsou rovnéz uvedeny dalsi reference.

Hamiltonian IBM vyjadfeny v dynamickych soufadnicich (z,y, p,, p,) zni [Iac87]

H=ar, —bO*B*+cOr+ g (402 —I—TE).

Pro zjednoduseni jsme zavedli oznaceni

G,EQ c:_bl
2 N

2 2

b=2(1-n) d= b2

(A1)

(n € (0;1) a x € (—V/7/2;V/7/2) jsou dva vné&jsi parametry IBM systému). Dale definu-

jeme veli¢iny
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Pohybové rovnice v tomto oznaceni maji tvar

dr 9 r T_
5 P (2a 4+ b5%) + ¢ (Osl px%> +d (pya —px7>
d _
d_gtJ =Dy (2a + bﬁQ) +c <032 — m%) +d <px0 +py%>
d(ftz =—x [Za +b (ﬁQ — 202)} —c (OSg — x%) —d (yo — x%)
dp, B 9 T_
o - [2a + b (8% — 207%)] —c<054—y%> —d(xa—l—y?),
kde
s1 =2 (ypy — xps)
sg = 2 (xpy + yp.)
=87 —2%) + 55 1
84 = 2(3zy + papy)

Jacobiho matici zde vyjadiime ve slozkach. Ve vysSe uvedeném oznaceni dostaneme
1
Ji =2bxp, —cO 4 2p, + 202 [1’51 + Pa (83 + $202)] +d (zp. + ypy)
1
Jiz =2byp, — cO {2py ~ 502 [ysl + Pa <84 + y202)] } +d (zpy — Yp:)

Jl3—2a+552—00{2$+2—02 [r+px (231+px2L02>]}+d< 2—%

N———

1 r
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1
Jo1 = 2bap, +cO Zpy—2—02[3:52~|—py<33~|—x202ﬂ + d (yp: — zpy)

1
J22 = 2bypy—|—cO{2px - 2—()2 |:y52 —l—py <54+y202>] } +d(l’pm+ypy)

J23 = J14
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000 0o g e o2} (- )

Jzo = —4bry — cO {6y - 2%2 [yS:a +x (84 + y202>] } —d (zy + pupy)
J33 = —Ji1

J3g = —Jn

J41 - J32
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Priloha B

Program

V pribéhu prace s geometrickym modelem byl vytvoren rozsahly program obsahujici
textovy editor, grafické rozhrani a interpretovany provadéci jazyk s vlastni syntaxi a
nabizejici bohaté moznosti jak textového, tak grafického vystupu. Program v soucasné
chvili obsahuje vice nez 300 funkci, které jsou zaméreny na vypocet a zpracovani zejména
trajektorii, Poincarého Tezl a regularity klasické verze geometrického modelu a spekter
verze kvantové, a je stale a dale vyvijen. Obsahuje dostatecné univerzalni rozhrani, diky
némuz je pripraven pro rozsifeni o dalsi dynamické systémy. Casteéné je implementovan
Hénon-Heilesiiv systém, klasickd verze systému interagujicich bosonti v posledni dobé
byl rovéz pridan ,,cusp® systém.

Popis programu v tomto dodatku si neklade za cil seznamit uzivatele podrobné se
vsemi funkcemi, které program nabizi. Snazi se spiSe podat uceleny souhrn informaci,

vvvvvv

a specialnich funkcich.

B.1 Zdrojovy kéd programu

Vlastni program je napsan v jazyce C# a jeho zdrojové kody lze nalézt na prilozeném
CD. Program se sklada z téchto projekti:

e Core stoji v hierarchii nejnize a obsahuje zakladni t¥idy a rozhrani, které pouzivaji
vSechny ostatni projekty.

e DLLWrapper je obalkou pro d11 knihovnu s funkcemi knihovny LAPACK a AR-
PACK.

e Math je sloZen ze t¥id, které jednak zapouzdiuji odvozené ¢iselné typy (napi. kom-
plexni ¢isla, vektory, matice, dlouh4 ¢isla, zlomky), zakladni algebraické operace
a dalsi funkce s nimi, a dale obsahuje rozhrani a t¥idy pro vypocet klasickych
dynamickych systémi a metody SALI.

e Expressions definuje veskeré funkce, operace syntaxi a obsahuje interpet prikazt.

e Forms je uzivatelské rozhrani programu pro operac¢ni systém Windows.

85
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e GCM, IBM, PT, ManyBody obsahuje tfidy pro jednotlivé modely (geometricky ko-
lektivni model, model interagujicich bosonti, modely s jednim stupném volnosti
pro studium fazovych pfechodl véetné modelu CUSP a modely pro pohyb dvou
a gravitacné se pritahujicich dvou a t¥i téles) a modely z nich odvozenych. Tyto
tfidy obsahuji naptiklad pohybové rovnice, vztahy mezi parametry modelt, vy-
pocet Hamiltonovy matice k diagonalizaci, vypocet hodnot pro Peresovy mfize
atd.

e Test je testovaci konzolovy projekt.

V piiloZené verzi programu je knihovna lapack.d11 pouze ve 32-bitové verzi'. Pokud
je béhem vypoctl vyzadovana funkce z této knihovny (jedna se pouze o funkei uréenou
k diagonalizaci velkych matic), program musi byt spustén ve 32-bitovém rezimu. Pokud
vSak tuto knihovnu nepotiebujeme, je program samoziejmé schopen pracovat v 64-
bitovém rezimu se vSemi vyhodami, které to pfinasi (zejména moznost pracovat s bloky
paméti vétsimi nez 2GB).

B.2 Zaklady prace s programem

Zkompilovany program je mozné najit na pfilozeném kompaktnim disku, a to jednak
jako instalac¢ni balicek, jednak je v samostatné slozce program samotny piipraveny ke
spusténi (program neni nutné instalovat). Jelikoz ke svému béhu vyzaduje nainstalovany
NET framework 2.0, je ptilozena i instalace tohoto produktu. Na systémech s operacnim
systémem Windows vSak byva .NET framework zpravidla jiz nainstalovan.

Instalac¢ni balicek programu lze téz stadhnout z webové adresy
http://www-ucjf.troja.mff.cuni.cz/"stransky/program

Spusténi programu se provede souborem CollectiveModels.exe. Poté se objevi
prazdné okno programu nebo se nactou projekty, které byly zavieny spolu s posled-
nim ukoncenim programu. Novy projekt se zalozi pomoci hlavni nabidky ptikazem
File->New a zprvu obsahuje pouze prazdné editacni okno.

Obrazovka pfi otevieni rozsdhlejsitho projektu mize vypadat podobné, jako je zna-
zornéno na obrazku B.1. Na ném jsou popsany vsSechny ovladaci a informacni prvky.

Do edita¢niho okna lze zadéavat prikazy, pficemz zalezi na velikosti pismen (s vy-
jimkou uzivatelskych funkei, které budou popsany v ¢asti B.5. Piikazy (stejné jako
argumenty funkci) se navzajem oddéluji stfednikem. Za poslednim piikazem vsak stied-
nik byt nemusi. Prikazy lze sdruzovat do blok pomoci obycejnych kulatych zavorek,
uvnitt kterych se opét oddéluji stredniky. Za poslednim piikazem v bloku vsak stfednik
byt nesmi. Pokud je blok napfiklad v argumentu funkce, ktera vyzaduje hodnotu, pak
program za tuto hodnotu bere vysledek posledniho vyrazu v bloku.

Pokud se v edita¢nim okné po tii vtefiny nestiskne zadna klavesa, program automa-
ticky zvyrazni syntaxi, a to timto zptisobem:

e mod¥e proménnd, operatory a zavorky bloki ¢i zavorky vyrazt

! Byla zkompilovana ze zdrojovych kédf napsanych v jazyce FORTRAN pomoci kompilatoru g77.
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Nadpis editacniho okna;

zobrazuje plnou cestu k otevienému souboru;
* znaci neulozené zmény

Hlavni menu programu
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Zvyraznéni
syntaxe

A=1,B=0.79

100

—
o

for(; b »= 0;

taddtlsgbp;

getvar{_SALTPS(L; bs =; 1003; =ald:
addtlbp; by

phERE(1b; lsgh; la; lsya; lbp; lsgbpl;

E = 0.23, E = 1.12201245430138
17m33s (78, 653

_asmles (157, 147)

-44udds (195, 185

_4dusss (156, 186)

_44ns8s (136, 186)

1nsm (327, 313
_Inlon (328, 314)
wenranlblln (339, 916)
rey = 0.344627731403082

1, B = 0.82, B = 1.12201845430195
lsues (74, 701
-30mdSs (147, 143)
. .40m17s (185, 181} =
_40ml7s {185, 181)
-40uml7s {185, 181)

, B = 0.31, E = 1.12201345430136
.- ldud0s (71, 87}

_30m49s (144, 140)
-3%mdds (173, 175)

-3%mdds (179, 175)
“omads (179, 175) L
1 -53ml7s (246, 234)
Cnn (208, 206)
.1ném {321, 307}
Tiom (522, 308
Tinion ca28, a2
s freg 0.5 A =1, B - 0.8 E=- 1.12201845430196
.......... Leuids i74, 2
Save data for wob.. itmane (e, 160
_4zud0s (182, 180)
Save data as text <-4ZmE9s (183, 181)
Save as animated GIF --Bémd3s (250, 243) ;‘
B 2 1 0 Save as image (ssquence). .
0 B s e ™ Wiop
All 55 text
late again
Al a5 animated GIF.
Al as image (sequence).
Falsmannatn \Synchronni ¢i asynchronni
Start animation M .
Okna s grafy (ploSny graf, ¢arovy graf, vypocet
které Ize libovolné kombinovat) Kontextové menu pro graf: (vypocet v hlavnim viakné
) . ', . programu nebo
dovoluje ukladat zobrazena data jako

text i bitmapové obrazky

Obréazek B.1: Popis oken programu.

ve vlastnim viakné)

Tlacitka dovolujici pozastavit
provadéni vypoctu v tomto okné
nebo jej ukongit a nebo jej spustit
znovu, pokud jiz byl ukonéen
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fvysledek (Ci mezivysledky) vypoctu
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e Cern& tulné& funkce se svymi zavorkami
e Sedivé komentar

e tmavé zelené textovy Tretézec

e Sedivé tucné vlastni funkce

e Cervenéd tulné chyby

Program neobsahuje zadna specialni klicova slova, vSe je implementovano pomoci funkci
(véetné napiiklad cyklt, podminek a dokonce i operatori?).

Prikazy se spousti klavesou F5 nebo tlacitkem > umisténym vlevo dole v editacnim
okné, pricemz se vzdy spusti pouze ta cast, kterda je v editacnim okné oznacena. Ve
spodni c¢asti editacniho okna lze navic zvolit, v jakém vypocetnim okné bude vypocet
proveden. Kazdé vypocetni okno se implicitné spousti v novém vypocetnim vlakné, coz
znamend, ze v jednu dobu miize bézet (teoreticky) libovolné mnozstvi vypocti. Operaéni
systém automaticky pfidéluje vldkna volnym vypocetnim jednotkam (napiiklad jadrim
vicejadrového procesoru), coz umoziuje jednoduchou paralelizaci. Program vsak neu-
moznuje komunikaci mezi jednotlivymi vlakny jinak nez pomoci proménnych, které jsou
vsem vldknim sdilené.

Ve vypocetnim okné se ve spodni textovém poli zobrazuji pribézné informace o pro-
bihajicim vypoctu a po dokonceni vypoctu vysledek posledniho zpracovaného vyrazu.
Toho lze vyuzit k vypisu hodnoty proménné—staci proménnou v editacnim okné oznacit
a stisknout F5 nebo tlacitko >. Vypocet lze také pozastavit ¢i zcela prerusit. To vSak
nevrati zmény, které byly na proménnych pred prerusenim provedeny.

Pamét s proménnymi je v ramci jednoho projektu sdilena. Hodnoty proménnych a
jejich ndzvy se ukladaji do nestruktorovaného seznamu, ktery nazyvame kontext3. Obsah
hlavniho kontextu se zobrazi po zadani ptikazu

getcontext();
a proménné lze z kontextu vymazat prikazem
clear(proménnal[; proménnd2[; ...]1]);

Program umoznuje bohaty graficky vystup vcetné tvorby animaci. Graf se zobrazuje
prikazem

show (
proménnad s grafem nebo grafy;
[jméno oknal] = "Graph";

[poCet graft v ¥adku, pokud zobrazujeme vice grafd najednou] = 1;
[umisté&ni okna];
[velikost okna]
)
20peratory jsou uvniti programu reprezentovany také jako funkce. Zapis 2+7+a+9 je interpretovan
jako +(2;7;a;9). Program rozumi i tomuto zapisu, je-li zadan primo do editacniho okna. Podobné

vvvvvv

terpretace umoznuje pouzit efektivnéjsi algoritmy, napiiklad soucet péti vektoru se provede pouze v
jednom cyklu. Lze diky ni také snadno definovat vyssi nez bindrni operatory.
3context
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a po jeho provedeni se otevie nové okno s nazvem, ktery jsme zadali ve druhém parame-
tru, a do néj se graf vykresli. Pokud okno s danym nazvem jiz existuje, jeho obsah bude
nahrazen novym. Grafické moznosti tato napovéda nepopisuje, ale spoustu prikladu je
mozné najit na prilozeném CD v ukazkovych souborech.

V ramci jednoho projektu lze vytvorit libovolné mnozstvi oken s vypocty / vysledky
a libovolné mnozstvi oken s grafy, takze mize vypadat napiiklad tak, jak je zobrazeno
na obrazku B.1. Edita¢ni okno je vzdy jen jedno. Program rovnéz umoznuje soucasné
otevfeni vice projektii.

Pti ulozeni projektu se zapisuje do datového souboru rozmisténi jednotlivych oken
na obrazovce, jejich obsah a obsah hlavniho kontextu (tj. obsah vSech proménnych).
Po jeho opétovném otevreni je tedy vSe v takovém stavu, v jakém bylo pfi poslednim
uloZeni. Program vsak neumi uloZit rozpracovany (probihajici) vypocet.

Hlavni menu programu obsahuje kromé standardnich funkci pro préaci se soubory
projektt a s okny také piikaz Hide. Jeho stisknuti minimalizuje program do System tray
(malé ikony, zobrazené prevazné v pravé ¢asti hlavniho panelu vedle hodin) a nastavi
jeho prioritu na nizkou (idle). Probihajici vypocet tedy bézi na pozadi a nezpomaluje
dalsi programy, se kterymi je v tu chvili pracovano.

B.3 Globalni proménné

Globalni proménné slouzi k ulozeni nékterych parametrti konfigurace programu, nebo
obsahuji ¢iselné konstanty. Pouzivaji se jako obycejné proménné, od kterych se lisi tim,
Ze zacinajl pomckou.

Uplny seznam globalnich proménnych je zde:

e dir Aktudlni adresar, ktery bude napiiklad nabizen jako prvni pii otevirani ¢i
ukladani projektu ¢i pri exportu graft.

e fncdir Adresar, ve kterém jsou uloZeny uzivatelské funkce (o uzivatelskych funk-
cich vice v sekci B.5).

e gcdir Adresar, do kterého se uklada soubor global.ctx s globalnim kontextem
(globélni kontext je popsan v nésledujici sekci B.4).

e workingdir Pracovni adresai pro docasné soubory.

e pi Ludolfovo ¢islo 7.
Program neumoznuje definovat vlastni globalni proménné. K ulozeni proménnych mimo

projekt tak, aby mohli byt z jakéhokoliv jiného projektu citelné, slouzi globalni kontext.

B.4 Globalni kontext

Jak predavat data mezi jednotlivymi projekty? K tomuto tcelu program obsahuje glo-
balni kontext. Jedna se o kontext, ktery je ulozen mimo vSechny soubory projektu ve
zvlastnim souboru na disku. Proménné do néj ulozené jsou viditelné ze vSech projektii a
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Ize jej tedy snadno vyuzit napriklad také ke sdileni hodnot konstant nebo k synchroni-
zaci vypoctl. Diky tomu, Ze kontext mize byt ulozen kdekoliv v siti, umoznuje dokonce
synchronizaci vypocti mezi vice pocitaci.

Globélni kontext je uloZen v adresafi, na ktery ukazuje globalni proménnd _gcdir?
v jednom souboru, ktery se vzdy jmenuje global.ctx. Do projektu jej cely nacteme
funkeci

getglobalcontext () ;
zatimco jednotlivou proménnou lze vyzvednout pomoci vyrazem
getglobalvar(nazev globdlni proménné);

Pokud je napriklad v globalnim kontextu uloZena proménné a a my chceme ziskat jeji
hodnotu, 1ze postupovat dvéma zptsoby. Bud vyzvedneme cely kontext a nasledné hod-
notu

gctx = getglobalcontext();
a = getvar(gctx; a);

nebo pouzijeme piimy postup
a = getglobalvar(a);

Prvni postup je vyhodnéjsi v pripade€, zZe chceme Cist vice proménnych zaroven, napriklad
kromé proménné a i proménnou b. Pokud do kontextu totiz pfistupuje vice projektii
zaroven, muze se stat, ze pfi ¢teni druhym zptisobem, tj. pifimo, bude hodnota proménné
b jinym projektem zménéna pred jejim prectenim nasim projektem, avsak jiz po precteni
proménné a projektem nasim. Pokud hodnoty téchto proménnych patii k sobé, zptisobi
to nekonzistenci v datech. Druhy postup naopak vyuzijeme v pripadé, pokud chceme
z globalniho kontextu precist jen jednu nezavislou proménnou.

Na zavér této casti jesté strucné zminime dalsi funkce pro praci s kontextem.

e setglobalcontext (proménnad s kontextem); nahradi globalni kontext kontex-
tem z uvedené proménné.

e setglobalvar (proménnd) ; ulozi danou proménnou do globéalniho kontextu.

e addglobal(globalni promé&nna; hodnota); pridd na konec proménné typu se-
znam (List), nachazejici se v globalnim kontextu, uvedenou hodnotu (o seznamech
a viibec datovych typech je vice napsano nize v sekci B.6).

e clearglobal(globdlni proménnd); odstrani uvedenou proménnou z globalniho
kontextu.

4Zde je nutno upozornit na odlisnost mezi pojmy globalni kontext (a proménn4 ulozen4 v globalnim
kontextu) na jedné strané a globalni proménna na strané druhé. Zatimco globalni proménné je uloZena
v unikatnim registru operacniho systému a je tedy spolecna vSem instancim programu spusténého na
daném pocitaci, globalni kontext se svymi pocitac¢i mize ulozen byt kdekoliv a ukazuje na néj pravé
globalni proménné _gcdir. Pokud hodnotu této proménné zménime, program zacne pouzivat zcela jiny
globalni kontext. Z toho vyplyva, ze globalnich kontext mize byt libovolné mnoho. Jsou vsak vSechny
nezavislé, co je ulozeno do jednoho se neprojevi v druhém, a program umi vyuzivat v danou chvili vzdy
pouze jeden.
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B.5 Uzivatelské funkce

vvvvvv

projektech opakovat stejnou ¢ast kodu, nabizeji uzivatelské funkce. Jedna se o prosté
textové soubory (s pfiponou *.txt), které mohou obsahovat stejné vyrazy jako editacéni
okno projektu (to znamend i napi. dalsi uzivatelské funkce; program se nebrani ani
rekurzivnimu volani). UZivatelské funkce jsou hledany v adresaii, na ktery ukazuje glo-
balni proménné _fncdir. Jejich volani je identické s volanim funkce obycejnych, odlisuji
se pouze tim, ze jako prvni znak se musi objevit podtrzitko _. Jakoukoliv uzivatelskou
funkci lze volat s libovolnym poctem i typem parametril, pficemz parametry lze uvnity
funkce pouzivat pomoci specidlnich proménnych, které zac¢inaji rovnéz podtrzitkem

pl, p2, ...

Funkce je vzdy spousténa nad svym vlastnim kontextem a tento kontext je vracen
jako jeji vysledek. Diky tomuto pfistupu mtize byt v kontextu ulozeno libovolné mnozstvi
proménnych. Funkce tedy mtize vracet i velmi komplexni vysledek.

Uvedme zde strucény piiklad. Mé&jme uzivatelskou funkei, kterd je uloZzena v souboru
algebra.txt a obsahuje tyto jednoduché ptikazy:

a
b

pl + p2;
pl - _p2;

Pokud poté v projektu spustime vyraz
result = algebra(10; 5);
x = getvar(result; a);

x = getvar(result; b);

budou mit proménna x hodnotu 15 a x hodnotu 5.

B.6 Napovéda

Program obsahuje integrovanou napovédu ke vSem funkcim. Seznam funkci a operatorii
program vypise pri zadani prikazu

fnames () ;
¢i setiidéné podle abecedy po zadani
sort (fnames()) ;

Pokud navic jako prvni parametr funkce fnames uvedeme textovy fetézec, pak program
vypise jen ty funkce, které danym retézcem zacinaji.

Napovédu k jednotlivym funkcim lze aktivovat tfemi zpiisoby:

1. Vyrazy
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help(funkce);
use (funkce) ;
fullhelp(funkce) ;

zobrazi napovédu, vyznam parametrid a oboje dohromady.
2. Operatory otazniku a dvojitého otazniku

7?funkce;
?7funkce;

jsou ekvivalentni vyraztim help(funkce), resp. fullhelp(funkce).

3. Napovéda a vyznam parametri se také zobrazi, pokud nad napsanou funkci v edi-
tacnim okné podrzime kurzor mysi.

Specidlnim piipadem je funkce pro vytvoreni grafu (graph). Ta obsahuje spoustu
parametri, které urcuji vzhled grafu, jeho umisténi, moznosti animace atd. Parametry
se predavaji specialnim kontextem nebo pohodlnéji pomoci textového fetézce. Seznam
parametri se vypise piikazem

gparams () ;
a napoveéda k nim pomoci
gparamhelp (parametr) ;

Nejlepsim postupem, jak se s programem seznamit, je zkusit si v ném néco vypocitat.
Za timto ucelem je na pfilozeném CD nékolik nékolik soubort s vysledky vypoctu ty-
kajicich se geometrického modelu. Kromé ukazek funkci programu mohou tyto soubory
slouzit i k pfimému pouziti napiiklad pro zopakovani vypoctu s jinymi parametry. Dale
je prilozen soubor example.gcm, ktery struéné seznamuje se syntaxi, s praci s promén-
nymi a se slozenymi typy (seznamy, fadami, vektory, maticemi a jejich indexaci). Tento
soubor je pro snazsi orientaci pretistén v obrazku B.2.
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%% Selected command is executed by pressing FS5 key
Y e
LR R L L R LR L L R L R R R L LR R T LR LR LR R EEYER
FETTLEILTTELETERLETET323T Help 3333333333332 232223233232333%3
EE e e e e e e e e e e e e e L e L

fnames () ; %% names of all functions

zort (fnames=s () ) %% names of all functions (=sorted)
fnames ("lhoggom™) ! %% all functions beginning with lho
??fnames; %% Help for the function and its pa
fullhelp (fnames) ;

gparams () ; %% Name of parameters for the graph
LR R L L R LR L L R L R R R L LR R T LR LR LR R EEYER
TETTTTETEEEEEEER: Various types of a variable 3333 TL3Eeeeeesss

IR R R R TR TR T R LR TR TR T LR LA TR T IR L LR LR LRI

x = -1; %% integer
v = 0.62; %% double
g = "Hallo"; %% string
1 = long("435980439043950934550983408534859034285") ;
%% long number (it can have really ar
1f = fraction(5; long("35646")); %% fraction

%% Vector types

v = wector(-1; 3; 2; 1; 0; 1.2); %% wvector with & components

%% (vector components iz always cover
v = point({-2; 1): %% point (its components is also alwa
vl = pointvector(vector(-1; 0; 1.5); wector(0; 2.5; -1)):
pv2 = pointvector(point(-1; 0); point(0; 2.5); point(l.5; -1}) !

%% wvector of points (variabkles pvl an
%% LArray - can have arbitrary number of dimensions; all items must hawv
a = array(pvl: pvZ): %% array with two elements
2:7: %% 1D array of successive integers fr
4:15:5; %% 1D array of integers from 4 to 15

%% Li=st - onedimensional ockject, elements need not have the same type

1st = list(v: p):
add(l=t; pvl) ! %% add the content of the wvariable
addbefore(lsc: 1) %% add the content of the wvariable

%% Universal creating function

an = new("array"; 2; 3; 2; "vector"; &)

%% 3D array with dimensions (2:;3:2)
new("int") %% integer
new{"array"; 5; "array"; 3; 4; "int");

%% 1D array of 5 2D arrays with dim
m = new("matrix"; 10; 10); %% matrix (2D object)
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ggcm

rameters

bitrary length)

ted to doubkle)
ve converted to double)

d pv2 are the =ame)

e the same type

om 2 to T
with step 3

pvl to the end of the list 1=t
1l to the beginning of the list 1=t

of wectors of length 6

ensions (3;4) if integers

Obrazek B.2: Vypis souboru example.gcm.
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IR TR R T R R R T R R R TR R TR TR LT R L R LT IR TR TR TR TR LR
THELEHILILTLLTLTE2EE9%3%%Y Retvping 353333 E3 L5399 99%9%%%
TR T R TR R R TR TR TR L T R A RS TR T ER LA L LR RS

double (-1) : %% int to double
vector(2:7); %% array to vVector
toarray (list(3; 7:; 11)): %% list to array

IR TR R T R R R T R R R TR R TR TR LT R L R LT IR TR TR TR TR LR
LI LTEE933933% Indexing and assignment 3ITIETHRLRLRLLRELREIR
TR T R TR R R TR TR TR L T R A RS TR T ER LA L LR RS
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w21 %% element of a vector

getx(pvl) %% x values of a pointvector(or of a point);

v[2:8]; %% elements from the one with index 2 to the last

viarray(3:5:3)]1: %% element no 3, 5, 3 (in the specified order)

an[l;2:0] = v; %% assignment to the element [1:2:;0] of the array an

an[0; ;1] = wv; %% assigns v to all elements with the first index 0 and the third inde
an; %% simply prints the content of the array

R e AR R e e e e et
ELELTTTLLLIRLLLREEEER Working with arrays T:E3TLLE3ceeaesseesss
R R S s E s ettt

mean (v ; %% mean value of the elements of the wvector
fmean (an) 7 %3 mean walue of sach element of the array an (forced by the =sign #)

R R R R R R R R R R R R R R R R R R R R R R R TR LR R TR R TR R R R RI R R ERY
ETEETLTRTEETEREEEREEEEY Basic algebra FRIEEEEIERLRRERERRTRRERRRR
R IR LR R R R R R R R R R R R R T R LR TR R R LR R R R LR R R R R R TR R R Ry

X + (100 * = - 1.1 * y);: %% basic operations

vx = 100 * v - 11;: %% multiplving and substracting from the wvector (from sach of its elem
v * WK} %% scalar product

v ORF yx;: %% multiply corresponding vector elements

5 ~ " world " ~ x; %% string joining

R e AR R e e e e et
EETTTEETLTIREEEREEEEY Logical operations T3 EELTTREELTRRRTERRRE
R L L R L L L L L L L L L L LA LR L AL LA AR R R AR R

pvl == pve; %% iz edqual
pvl !'= pve; %% is different
(=== -1} || (v == 3): %% logical operators

EIE IR TR R IR IR IR I IR IR R LSRRI LR R TR R LR RR LR
TTTTITIETITTIEILIE Cycles and conditions $ETEITTIEITITELIILIL
IR R I I IR I LRI I I I I IR I RS TR R I I TR T I I T TR T LR RERRRL
iffx=-1; (g=x+ 1 v=v - 1); 2 =x+ 2):

for{i = 0; (i < 100) && (=& '= -1);
(add(lsc; 1):

i=1i+1

by

Obrazek B.3: Pokradovani obrazku B.2.
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Regular and Chaotic Vibrations of Deformed Nuclei with Increasing ~-Rigidity

Pavel Cejnar and Pavel Stransky
Institute of Particle and Nuclear Physics, Charles University, V HoleSovickdch 2, 18000 Prague, Czech Rep.

We study classical trajectories corresponding to L = 0 vibrations in the geometric collective model
of nuclei with stable axially symmetric quadrupole deformations. It is shown that with increasing
stability against the onset of triaxiality the dynamics passes between a fully regular and semiregular
limiting regimes. In the transitional region, an interplay of chaotic and regular motions results
in complex oscillatory dependence of the regular phase space on the Hamiltonian parameter and

energy.

PACS numbers: 21.60.Ev, 05.45.Pq

Although models of collective dynamics of atomic nu-
clei [1, 2] belong to the oldest subject of nuclear physics,
they still exhibit enormous potential for yielding impor-
tant new results. Many of them is connected with a mod-
ern form of the collective model, the interacting boson
model (IBM) [3], but purely geometric approach still pro-
vides adequate framework for the interpretation of main
features of nuclear collective motions, even those accom-
modated within the IBM. In particular, the description of
shape phase transitions [4] and the corresponding critical-
point symmetries [5] resort basically from the old formu-
lation of the geometric model.

In this Letter, we use the geometric model to study
regular and chaotic classical motions [6] of a quadrupole
vibrator with increasing stability of an axially symmetric
deformation. Our approach is related to studies of single-
particle orbits in mean-field potentials associated with
different nuclear shapes [7], but addresses—in contrast—
collective dynamics of the nucleus as a whole. This was
investigated in the IBM classical limit by Alhassid, Whe-
lan, Paar et al. [8, 9], demonstrating the existence of
regular domains in the IBM parameter space and the
correspondence between classical and quantal measures
of chaos. Our work supplements these older results by
(i) using purely geometric model of collective motions
and (ii) by focusing in detail on a different transitional
region of collective parameters. Although the transition
studied here is not connected with any kind of critical
behavior and seemingly represents just a smooth depar-
ture from an integrable regime, the results show—quite
surprisingly—great fine-structured variability and com-
plexity of collective vibrations, involving the crossover
between different types of regular orbits and coexistence
of various regular and chaotic regions in the phase space.

The Hamiltonian of the geometric collective model
(GCM) [10] in the truncated form reads as

\/5 0 0
H:ﬁ[wxw]()+\/gx4[axa]() (1)

—\/fB[[a X a](z) X a](o) +5C ([a X a}(0)>2 ,

where a,(f) form the spherical tensor of quadrupole shape
variables (they can be viewed as coefficients at the Y3,
spherical harmonics in an expansion of nuclear radius),

77&2) = fK(dag)*/dt) the associated tensor of momenta,
and [e X 0]()‘) stands for the coupling to angular momen-
tum A. The constants {K, A, B,C} are adjustable pa-
rameters. We neglect higher-order terms of the Hamilto-
nian, in particular the 3rd-order kinetic term. The sim-
plified form (1) was shown [11] to properly reproduce
basic features of structural shape transitions in nuclei
and can be linked to the Casten triangle of the IBM (al-
though classical-limit IBM Hamiltonians contain also the
higher-order terms).

Required Hermicity of the Cartesian matrix oy; of

(2 — (2)
0

shape variables leads to conditions a5’ = g, oy =

+(a; + i), and af% = g * iady, where ag, ay, of,
as and of, represent five real coordinates of the model.
The transformation into the principal frame of deforma-
tion yields oy = o} = o4 = 0 and the two remaining
coordinates can be parametrized in the usual way [1]:
ag =z = fcosy and V2ay =y = Bsiny. Here, >0
measures the degree of deformation while v determines
the shape type and triaxiality (except v equal to even or
odd multiples of 7/3, attributed to prolate or oblate ax-
isymmetric ellipsoids, respectively, the shape is triaxial,
with maximal asymmetry at odd multiples of 7/6).

To investigate classical dynamics with Eq. (1), one has
to calculate trajectories in the five-dimensional configu-
ration space. At each point of a trajectory, the tensor a;;
can be diagonalized to get two shape coordinates x and y
(or 8 and ) and three Euler angles {61, 02,03} character-
izing the relative orientation of the principal and labora-
tory frames. Since Hamiltonian (1) is a rotation scalar, it
conserves the angular momentum, which is defined [2] as
L = —iy/10[a x 7], Having less than five independent
motional integrals in convolution, the system is generally
nonintegrable (except special cases discussed below).

A considerable simplification follows from the choice
L = 0. The resulting conditions day/dt = dof/dt =
dady/dt = 0 imply that the principal frame is at rest and
the motion can be described solely in terms of x and y.
The L = 0 Hamiltonian reduces to

H, 72 4 775) + A(z? + %) (2)

+B(2® — 3y*x) + C(2* + y*)? ,

1
= o

where we recognize the well-known expression for the
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(b) B=0.24

(f) B=infinity
. (rescaled)
2% 0.04

FIG. 1: Classical trajectories (second and fourth rows) and Poincaré phase-space sections (first and third rows) corresponding

to Hamiltonian (2) with K = —A = C =1 and £ = 0. The value of B increases as indicated in panels (a)—(f).

Only few

examples of regular trajectories were selected (the outer curve marks the border of energetically accessible area) while each
Poincaré section involves a total number of 20000 crossings of 52 randomly chosen trajectories.

GCM potential energy:
V(B,7) = AR+ BF cos3y + CB' . (3)

For A < A. = B?/4C, the global minimum of the
potential at 8 = [y > 0 describes a deformed equilib-
rium shape (prolate, for B < 0, or oblate, for B > 0),
while for A > A, the minimum (; = 0 leads to the
spherical shape (both minima coexist in the interval
0 < A < 9B?/32C). The change of B from negative
to positive values rotates the - coordinates of three de-
generate minima from (0,27 /3,47/3) to (7/3,m,57/3);
except this prolate-oblate transformation the potentials
with +B and —B are equivalent. While the B = 0 case
is y-independent, with the equilibrium shape unstable
against the onset of triaxiality, the increase of | B| stabi-
lizes the axial symmetry.

For K=A=1/2, B=-1/3 and C =0, Eq. (2) rep-
resents the Hamiltonian introduced by Hénon and Heiles
[12], one of the most studied examples of classical chaos.
In our case, in contrast, C' > 0 expresses a rapid increase
of nuclear potential energy with deformation, and the
choice of A < 0 indicates that we will be dealing with vi-
brations around a deformed equilibrium shape. The pos-
sibility to independently rescale energy, coordinates, and
time in Eq. (1) reduces (in the classical case) the num-
ber of essential free parameters to just one. We choose
here B to play this role which implies that we have to
separately distinguish the A < 0 and A > 0 cases. To
study effects of increasing y-rigidity on deformed nuclei
we fix A = —1, while the other parameters are—without

0.0 0.5 1.0 1.5 2.0 25

FIG. 2: The regular fraction of the Poincaré phase-space sec-
tion as a function of B for E = 0.

a loss of generality—set to K = C' = 1. (We use the
same arbitrary units for parameters A, B, and C and for
the energy.) Examples of trajectories and Poincaré y = 0
phase-space sections at energy E = 0 for various values
of B from 0 to co are shown in Fig. 1.

Hamiltonian (2) with B = 0 is symmetric under ro-
tations in the zy-plane and, therefore, integrable with
a trivial second motional integral I = xmy — ym,. It
is related to the O(6)-U(5) transition of the IBM. The
associated motions are oscillations in the radial direc-
tion with free “spinning” in the transverse direction, see
Fig. 1(a). Two elliptic fixed points at = ++/—A/2C,
7, = 0 and a hyperbolic one at x = m,, = 0 are present in
the Poincaré section. They correspond to the minimum
circle and the central local maximum of the potential.
Concentric curves in the Poincaré section result from S
vibrations combined with circulations in the « direction,
the enveloping curve being pure § vibration via the local



maximum. Two caustics form inner and outer bound-
aries of the trajectory.

As no explicit second integral of motions is known
for B # 0, we expect increasing chaos when the v-soft
limit is being departed. This is, however, not quite so.
Although the regularity observed away from this limit
must be imperfect, we will see that it involves virtually
integrable regions. Clearly, the degree of chaos should
depend on energy. For E close to the minimal value
Emnin = V(Bo, kr/3) with k odd, the system performs
nearly harmonic vibrations around one of the minima.
For E > 0, one again expects regular behavior as the
quartic term in potential (3) completely prevails. The
most interesting region is thus around F ~ 0.

First, we realize in Fig. 1(f) that the limit of |B| — oo
corresponds to highly regular dynamics. In this case, the
Hamiltonian can be rescaled using 5 = /B, t = Bt, and

Hy = Hy/B*, so that the transformed potential

Vio(B,7) = Jim_ % =BPcos3y+ 5" (4)

(the kinetic term remains unchanged) restores stan-
dard potential (3) at the beginning of the deformed-
spherical phase-coexistence region. We note that al-
though Fig. 1(f), that corresponds to £ = 0, contains
no observable chaotic feature, the regularity does not
survive an increase of energy above zero. The approx-
imate validity of the X(5) critical-point symmetry in the
phase-coexistence region is probably not the reason for
the asymptotic regular dynamics observed here since po-
tential (4) is already far away from the X(5) assumptions
[3]. We therefore detect a somewhat surprising behavior.
Regular trajectories fill nearly rectangular regions, as the
one shown in Fig. 1(f), again indicating some interesting
caustic properties. The related Poincaré section exhibits
stable periodic and nonperiodic § x « vibrations with an
elliptic fixed point located on the left from the potential
minimum; the outermost curve represents the pure 3 vi-
bration visiting the § = 0 saddle point (z = m, = 0 for
E =0 is a hyperbolic fixed point).

Regular dynamics, however, is not a privilege of only
the B = 0 and |B| — oo limits. It can be observed—at
some degree and for certain energies—also at intermedi-
ate B values. For instance, Fig. 1(d) shows periodic and
nonperiodic orbits coexisting with some chaotic motions
at B = 0.62. In contrast, panels (b), (c), and (e) of
Fig. 1 demonstrate varying degrees of chaos encountered
in the regions around (d). Some regular islands persist
in the Poincaré sections, but their structure and location
change with B, as well as the shape and area of sur-
rounding chaotic domains. A number of fixed points can
be found, but the finite precision of calculations does not
allow us to disclose the finest details of the phase-space
structure at arbitrarily small scales. Trajectories respon-
sible for the regular islands (only few examples are shown
in Fig. 1) represent some sophisticated and unexpectedly
stable vibrations in both 8 and ~ directions.
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FIG. 3: The regular fraction of the Poincaré section as a
function of energy for values of B corresponding to maxima
of the curve in Fig. 2. The horizontal axis is split into linear
and logarithmic parts. The inset expands the E ~ 0 region.
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FIG. 4: The same as in Fig. 3, but at three minima of Fig. 2.

To quantitatively measure the degree of chaos present
in our model at different values of B, we calculate the
fraction freg = Sreg/Stos Of the area with regular tra-
jectories in the y = 0 Poincaré surface of section to the
whole accessible area in the x x m, plane. This is for
E = 0 shown in Fig. 2. We see three well separated
maxima (B = 0.313, 0.445, and 0.620) and four minima
(B = 0.240, 0.380, 0.445, and 1.090) in the medium-B
region (the values of B in Fig. 1 were taken to coincide
with some of these extremes). This fine structure extends
also in energy, as demonstrated in Figs. 3 and 4. Here
we show the dependence of the regular fraction fies on
energy for some fixed values of B that correspond, re-
spectively, to the local maxima and minima from Fig. 2.

The dependences shown in Figs. 3 and 4 confirm the
anticipated regular behaviors at very low and very high
energies. We observe that for lower values of B the decay
of low-FE regularity starts already at energies for which
trajectories are still deep inside the potential well around
Bo. With increasing B, however, the whole E < 0 region
becomes more and more regular and for B = oo chaos
starts developing only above E = 0, when the region
around § = 0 becomes available. The high-FE growth of
freg is roughly logarithmic for large £/ and begins at en-
ergies that increase with B. For large values of B (=1.09
and oo in our sample) we observe a local peak (between
E =10 and 100) of almost completely regular dynamics.

Perhaps the most interesting features of Figs. 3 and 4
is the increase of regularity at and around zero energy (as
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enhanced in the insets). While the medium-B maxima in
Fig. 2 correspond to E = 0 peaks in Fig. 3, local minima
from Fig. 2 are associated with peaks around E ~ 0 in
Fig. 4 (the increase of feg for the former is, nevertheless,
higher, up to 0.8, than for the latter). We anticipate
that this behavior is connected with the regular region
detected inside the IBM Casten triangle [8], which—as
can be shown (cf. Fig. 9 of Ref.[13])—is correlated with
a bunching of quantum levels near E' ~ 0. This issue will
be addressed in future work.

We realize that although Hamiltonian (2) has the stan-
dard form corresponding to a perturbed integrable sys-
tem (the perturbation weighted by B), the usual sce-
nario describing the onset of chaos in such systems [6]
is not followed here. Instead of a monotonous growth of
chaotic measures with increasing perturbation strength,
we observe rather sophisticated competition of regular
and chaotic types of motions—in contrast with Ref.[14],
for instance, where a system similar to ours was shown to
exhibit a smooth increase of chaos. This indicates that

the GCM with L = 0 represents one of the most inter-
esting examples of classical chaos in two dimensions.

In conclusion, we studied classical L = 0 vibrations
around a deformed equilibrium shape in the geometric
collective model, that captures the most essential col-
lective degrees of freedom in nuclei. Complex interplay
of regular and chaotic dynamics disclosed already in the
simplest approach shows that nuclear collective motions
hide rather nontrivial features. We highlight the follow-
ing findings: (i) fully regular dynamics in the B — oo
limit for F < 0, (ii) the increase of regularity for E ~ 0
in the medium-B region, (iii) the oscillatory dependence
of the regular Poincaré area on both B and E connected
with the emergence and decay of various types of stable
regular orbits. Similar analyses should be performed also
for L >0and A > 0.

The authors acknowledge fruitful discussions with Z.
Pluhai and a financial support of GACR under Grant
No. 202/02/0939.
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Collective vibrations and rotations of atomic nuclei are investigated from the classical viewpoint
within the geometric collective model. It is shown that the model, even in its truncated form,
exhibits very sophisticated interplay of regular and chaotic modes of motions. We quantify the
proportion of regular and chaotic orbits in the phase space and analyze its sensitive dependence on
the model control parameters, energy, and angular momentum. A quasiregular region is observed at
low excitation energies in a bounded domain of the control parameter on the deformed side of the
shape phase diagram, and another one at higher energies around the transition between spherical
and deformed shapes. We also demonstrate a tendency for overall suppression or enhancement of
chaos with angular momentum, depending on the values of control parameters.

PACS numbers: 21.60.Ev, 05.45.Pq

I. INTRODUCTION

Affiliation to the regular, chaotic, or mixed class of dy-
namics represents an essential feature of any physical sys-
tem [1]. While the definition of chaos is primarily derived
from the instability of classical motions, expressing the
organization of trajectories in the phase space, the term
“quantum chaos” [2] refers to some quantum properties—
most commonly specific short- and long-range correla-
tions in spectra of energy eigenvalues—that usually ac-
company the classical chaoticity. Intense study of these
properties in the last decades made it possible to extend
the notion of chaos from macroscopic systems to small
quantum objects like atoms or nuclei.

Historically, nuclear physics offered the first confronta-
tion of ideas related to quantum chaos with experimental
data. It was when sequences of neutron resonances with
a fixed spin and parity J™ were shown to agree with spec-
tral correlations predicted by the random-matrix the-
ory [3]. The persistence of the same kind of statistics
was subsequently demonstrated [4] also for ensembles of
low-energy nuclear levels (although in this case also seri-
ous deviations from chaotic correlations were detected in
some families of states, particularly the collective states
with J™ = 2% and 47 in even-even nuclei). Possible exis-
tence of chaotic layers of dynamics was recently discussed
[5] even in connection with ground states of nuclei—in the
analysis of fluctuating properties of nuclear masses.

All these data suggest that atomic nuclei at low ener-
gies exhibit a variable mixture of regular and chaotic dy-
namical aspects. However, very little is known about the
principal mechanisms that control the competition be-
tween both types of motions. Several possible sources of
irregularity—diffuseness of the nuclear surface [6], spin-
orbit coupling [7], deformations of higher multipolarities
[8]—can be identified already on the mean-field level, but
the most substantial effects are supposed to result from
residual interactions, which, however, are too difficult for
explicit analysis.

A viable alternative to the attempts to solve the nu-
clear many-body problem in its full complexity is the use

of simplified models that capture only some essential dy-
namical features of nuclei in various regimes [9]. Since
residual interactions are responsible for highly correlated
collective modes of motions (complementary to single-
particle modes), one may try to search for signatures of
regularity and chaos in the known elementary collective
models, such as the Interacting Boson Model (IBM) [10]
or the Geometric Collective Model (GCM) [11, 12]. This
approach was pioneered by Alhassid et al. [13] and by
Paar et al. [14] using the IBM, and later followed by
Cejnar and Stransky [15] using the GCM. In spite of ap-
parent simplicity of both IBM and GCM approximations,
surprising variability and complexity of the existing types
of collective modes was disclosed. It turned out that nu-
clear collective motions belong to the most interesting
cases of dynamics on the border between Sphairos and
Chaos [16].

In the IBM it was expected that chaos resides in those
regions of the structural triangle where the Hamiltonian
is not integrable, i.e., away from the dynamical-symmetry
limits and from the [U(5)-O(6)]>0(5) transitional path.
There is, however, one important and unexpected excep-
tion to this prediction: the “arc” of semiregular behavior
connecting the U(5) and SU(3) vertices through the tri-
angle interior [13]. The arc was detected by using both
classical and quantum measures of chaos, and later also
shown to exhibit an increased localization of the asso-
ciated eigenfunctions in the dynamical-symmetry bases
[17]. Most recently it was argued that specific nuclei
seem to be placed in (or very close to) the locus of the
arc [18], raising the question whether collective dynam-
ics is indeed more regular in these nuclei. The answer
as well as an explanation of the emergence of order in-
side the triangle (a kind of hidden or partial symmetry?)
remain unknown.

The analysis of classical chaos in the GCM [15], as
well, discovered an “island” of increased regularity in
the “sea” of chaos corresponding to the neighboring pa-
rameter domains. It was shown that when perturb-
ing the integrable y-soft GCM Hamiltonian by including
the (33 cos 3y potential term with an increasing strength,
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chaos at first quickly sets in, but later—in the middle of
the non-integrable domain—new types of regular orbits
arise which almost completely expel the previously domi-
nant chaotic types of motions in a certain limited region.
The effect was found to strongly depend on energy.

The GCM basically represents an infinite-IN limit of
the IBM, but in its truncated form it involves only the
most essential terms of the collective Hamiltonian (in
contrast to the IBM which contains rather complicated
kinetic terms). The conceptual simplicity of the GCM—
for zero angular momentum it is a direct generalization
of the famous Hénon-Heiles model [19], an archetypal ex-
ample of classical chaos in two dimensions—and the pos-
sibility to directly visualize its classical dynamics make
this model well suited for studies seeking the principal
origin of chaotic and regular behaviors in nuclear collec-
tive dynamics.

In this paper, we present an extended survey of regular
and chaotic properties of the classical GCM. Our aim is
to demonstrate a vast variety of dynamical modes con-
tained in a simple form of the model, which is in sharp
contrast with its illusive triviality. Let us stress that the
primary focus of this work is to investigate the dominant
features of the GCM dynamics in all (also unrealistic) en-
ergy regimes, the practical impact on low-energy nuclear
data being left for another study.

The text is organized as follows: In Sec. II we dis-
cuss basic features of the model, in particular, its scal-
ing properties, phase diagram, form of angular momen-
tum J, and equations of motions. Results of our nu-
merical study of classical chaos are then presented in
Sec. III. In Subsec. IIT A, we show examples of regular
and chaotic trajectories and Poincaré sections in the re-
duced 4-dimensional phase space corresponding to J = 0,
and analyze the degree of chaos as a function of the es-
sential free parameter A and energy E. The case of J # 0
is studied in Subsec. III B, using chaotic measures based
on the unreduced phase space. Summary and conclusions
come in Sec. IV.

II. CLASSICAL GEOMETRIC COLLECTIVE
MODEL

A. Lagrangian

The dynamics of nuclear quadrupole deformations is
described by quadrupole variables « that form a spher-
ical tensor of rank A\ = 2. The meaning of collective
coordinates is usually introduced via expansion of the
nuclear radius into a series of spherical harmonics (the
quadrupole tensor « being associated with the coeffi-
cients at Y3,,), but it can also be connected to quadrupole
moments of nuclear mass or charge distribution, or to an-
other observable describing the quadrupole shape (hence
the restriction to A = 2). We do not want to insist on ei-
ther of these interpretations since possible physical mean-
ing of a will be severely restricted by the truncation of

the expressions for kinetic and potential energy (see be-
low). In particular, the interpretation through the radius
expansion is not realistic in the present study where we
allow for large-amplitude motions.

The components «, (with g = —2,...,2) of the
quadrupole tensor satisfy the relation a* , = (=1)"ay,
resulting from Hermicity, which implies that «q is real
and a, for u # 0 involve 2 independent complex coordi-
nates a2 = 0452 + ia{yQ. Thus the quadrupole nuclear
shape is at any time ¢ described by five real numbers
{ap,aft ol aff,al}. These coordinates can be trans-
formed in such a way that 2 of them express the de-
formation of the nuclear shape in the principal body-
fixed frame, while the remaining 3 coincide with Euler
angles determining the orientation of the deformed nu-
cleus in the laboratory frame. The two shape coordinates

are related to the only two independent scalar combina-
tions of the quadrupole tensor [20], namely [a x a](o) and
[[a x a]® x a]© where [o x o] stands for coupling of
the quantities involved to angular momentum .

Below we deal with the potential energy terms up to
the fourth power in o, and only with the lowest kinetic
energy term quadratic in ¢, (the dot stands for time
derivative). Considering Lagrangian L =T — V we get

V= A V5axa?
—_————
VAE((}(2)+2|0¢1|2+2|042\2)

-B \/? [[a X oz](2) X a} @

Vg = {ao (Oz?J +3la1|? -6 \ag\z)

+3v6 [ (aR? - al?) of + zafca{ag} }

2
+C 5 ([a X a](o)) , (1)
—_——
VcE(a3+2\a1|2+2|o¢2|2)2
K
T = =V5[axa? (2)
AN

T=(a2+2]6n]2+2|d2]?)

with {4, B,C, K} denoting a set of external parame-
ters. The condition C > 0 ensures that the system
is bound (||a|| < oo) and has a finite ground-state en-
ergy. We also naturally require K > 0. In Egs. (1) and
(2), we have defined for further reference shorthand no-
tations V4 p,c and 7. An interesting perspective on this
Lagrangian from the field-theoretical viewpoint can be
found in Ref.[21].

It needs to be stressed that since we will consider below
also large deformations, the above truncation of the La-
grangian cannot be justified by the smallness of the norm
la|l = max|a,,|. Instead we may assume that the coeffi-
cients at higher order terms become negligible. This is,
in general, consistent with the convergence requirement
set upon the kinetic and potential energy expressions.
Moreover, truncated forms (1) and (2) were shown to re-



produce basic experimental data on low-energy collective
states in even nuclei [22].

An explicit form of equations of motions trivially fol-
lows from the Lagrange equations and will be given (in
a more restricted case) in Subsec. IIE. Examples of
trajectories and a Poincaré section obtained in our nu-
merical calculations for one specific choice of control pa-
rameters and the integrals of motions is shown in Fig.1.
Note that introducing the canonical conjugate momenta
Ty = % = Kaj, one can build the Hamiltonian
H = T + V and immediately convert to the Hamilton
formalism. It should be pointed out, however, that if
we allow for higher-order terms in the kinetic energy
T, the expression for momenta will contain additional
coordinate-dependent terms violating the linearity of the
Ty, <> Gy, relation.

B. Scaling properties

In the previous subsection, we have defined quantities
of three fundamental physical units: unit of deformation
tensor «, unit of energy F (or L), and unit of time ¢.
Consider the transformation

a=aa, L=bL t=ct, (3)
where @, L, and  are quantities in new units, fixed by
constants a, b, and c¢. Denoting

2 2 3 4

K=K A:%A B:%B, C:%C (4)

be2™

)

(we assume that none of these expressions is singular),
one obtains a transformed Lagrangian L of the same form
as above,

=27 _AVy—BVy—CVe, (5)

no|

where expressions for 7 and 1_/,4’ B,c are those from
Egs. (1) and (2), but with substitutions from («, t) to
(@, t). Without the loss of generality, the units can there-
fore be chosen such that three out of the four parameters
{4, B,C, K} become equal to unity, while the remaining
parameter takes the role of the only external variable. In
particular, we have the following possibilities:

(i) Scaling with parameter A: If we require K = B =

C =1, Eq. (4) yields

B B4 VvVKC

a=—, b=—, c=——. (6)
C c3 B

This can be done only if B, C' # 0 and KC' > 0, where the
last two conditions are naturally satisfied since K, C > 0.
(ii) Scaling with parameter B: Having K = |A| =C=
1 with A = +1 for A >0and A = —1 for A < 0 we
obtain expressions similar to those in Eq. (6). We require

A,C #£0.
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FIG. 1: (color online) An example of the GCM dynamics
for Lagrangian parameters A = —5.05, B = C = K = 1,
absolute energy E = 0, and angular momentum J = 0. For
J =0, only the coordinates cp and o and the corresponding
velocities represent active state variables, while the others
can be set to zero, see Sect. IID. Panel (a) shows a so-called
Poincaré section of the 4-dimensional phase space at a¥ = 0.
We denote n = ap, v, = 7. Each dot corresponds to the
passage of one trajectory through the plane (in this figure we
show altogether 50000 such crossings of 52 randomly chosen
trajectories). In panels (b)—(e), we exemplify some regular
trajectories contributing to the phase portrayal in panel (a),
the plane of section being represented by the horizontal line.
The evolution time was set to 50 time units (connected with
the scaling constant ¢, see Subsec. IIB).

(iii) Scaling with parameter C: In this case K = |A| =
B =1 we have again A = +1 for A >0 and A = —1 for
A < 0, provided that A, B # 0.

Since the scaling does not change physical content, the
above construction shows that the classical GCM has
just one essential control parameter, which can be cho-
sen from the set {4, B,C}. Note that the combination
‘%—g is invariant for all parametrizations, see Eq. (4). In
the following, we will always use one of the possibilities
(i)—(iii). For the sake of brevity, the bar above the trans-
formed quantities will be skipped.

Let us note that the idea of scaling has been invoked
also in the quantum GCM [23], but in this case there
exist two essential parameters. This is because a fixed
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A=B%cC

FIG. 2: The GCM phase diagram in the plane of parameters A
and B for any C' > 0. Thick lines represent phase separatrices
(first-order) between spherical (I), prolate (II) and oblate (I11)
axially symmetric equilibrium shapes, O is the triple point
(continuous transition). Thin parabolae (without point O)
correspond to dynamically equivalent parameter sets related
by scaling transformations (Subsec. IIB).

value of the quantization constant (%) connects units of
time and energy, so that one can independently vary only
one of these two scales. More generally, analogous con-
siderations can be applied to any (classical or quantum)
physical system with external parameters.

C. Phase diagram

In the research of collective dynamics, considerable ef-
fort is focused on signatures of shape-phase transitions
in nuclei (see, e.g., Ref. [24] and references therein). Al-
though these effects are not of the primary concern in
this work, the knowledge of the GCM phase structure is
an important prerequisite for what will follow.

An isolated classical system is in a stable equilibrium
if its potential energy takes the lowest possible value. In
a close vicinity of the minimum, the potential can be
approximated by a quadratic form, implying that low-
energy motions tend to be regular. The position of the
global minimum determines the main features of the sys-
tem at low energies. While changing the control param-
eters of the potential, the minimum can vary in a non-
analytic way, which leads to “phase-transitional” changes
of the system’s properties. In agreement with the Landau
theory of phase transitions [25], a discontinuous change
of the position of the minimum may be identified with a
first-order phase transition, while a continuous but non-
smooth evolutions lead to second- or higher-order phase
changes.

The system described by potential (1) exhibits a first-
order phase transition when crossing the line B = 0 at
A < 0. At this phase separatrix, the minimum char-
acterized by |la|| > 0 with Vg < 0 (valid for B > 0)
jumps to another one, characterized by the same |c|

but Vg > 0 (valid for B < 0). It will become clear below
that this transition changes an oblate axially symmetric
equilibrium shape (B > 0) to a prolate one (B < 0). An-
other first-order phase transition is located at A = % for
B # 0, where the global minimum with ||a|| > 0 jumps to

|l = 0. This is a transition from deformed (A < f—c) to

spherical (A > %) equilibrium shapes. Both deformed
and spherical local minima of the potential coexist in the
interval 0 < A < %. At the intersection A = B =0
of the prolate-oblate and deformed-spherical first-order
phase separatrices, the phase coexistence interval shrinks
into a single point and the phase changes becomes con-
tinuous, of the second order.

The phase diagram in the plane A x B for C' = const
is depicted in Fig. 2. In Subsec. IIB we showed that
parameters A, B, and C' can be related by scaling trans-
formations. Indeed, the parabolic curves in Fig. 2 con-
nect points within the same class of equivalence defined
by Eq. (4) with C = C. For instance, the horizon-
tal dot-and-dash line corresponding to the variable-A
parametrization (i) crosses all non-equivalent configu-
rations with B # 0 (the B = 0 case is removed to
A — 400). The variable-B parametrizations (ii), on the
other hand, crosses all configurations with the same sign
of A (the A = 0 case corresponding to B — F00).

D. Angular momentum

The introduction of angular momentum substantially
simplifies the analysis of the GCM dynamical properties.
It is defined as the spherical tensor of rank A = 1 through
the following expression [12]:

Ju =1V10 [a x 7] =iKVI0 [ax &) . (7)

In the Cartesian frame we have Jyi = F—= (J +iJy),
Jo = J., which leads to

g

Jo = —VIK[VE (alaf - alaff + afiad - aftad)
+V3 (é0a] — apad) |, (®)

Jy = VOK[Va (afiaf — aftaf + alad - ofad)
+V3 (doaf — apak) } , (9)

J. = —2K [affa] — of'a] + 2 (adlad — affdl)] ,(10)

or to equivalent expressions with linear momenta 7.

Note that the definition (7) is consistent with funda-
mental physical assumptions. Introducing Poisson brack-
ets for arbitrary complex differentiable functions f and g
in the GCM phase space,

2

_ N~ (9 99 99 of
{fag} _M;2 (aa# a’]'r# 30@ a’”p) ’ (11)



where the derivatives are meant in the sense of complex

variables, e.g., gy = % = —i 8{2{1 , one can verify that
K o g

the angular momentum satisfies the required basic rela-
tions

{Jqu} = Eijk‘]ka iajak:xay7z7
{Je, 00} = =@ (2, p) auza (12)
{‘]?nau} = _iﬂauv /U‘:_2a"'7+2a

where €;;;, stands for the antisymmetric tensor, Jy =
Je £iJy, and B\ p) = /A= p)(A\+p+1). For-
mulae in Eq. (12) have the same form as the standard
quantum-mechanical commutation relations, in agree-
ment with the general classical-quantum correspondence.

Due to spherical symmetry of the Lagrangian, the
angular momentum components (8)—(10) are conserved,

Ji=0 (where i = z,y, z), which can be explicitly verified.
The rotational invariance enables one to choose—without
the loss of generality—the coordinate system such that
the angular momentum is parallel with one of the axes,
say z. The J, = J, = 0 condition can be achieved by the
requirement

aff =df' =af =df =0, (13)
cf. Egs. (8) and (9), which yields
J. = 4K (aflad — adlal) . (14)

We will see in Subsec. ITF that under these circum-
stances angular momentum .J, generates just a steady
rotation around one of the principal axes without any
non-stationary rotational effects. In the following, nev-
ertheless, we will restrict ourselves to the simplified case
of Eq. (13), leaving the most general analysis as a future
challenge.

The special case of J = (J, Jy, J.) = 0 implies either
alt =&l =0, or al =&l =0, besides Eq. (13). These
are two equivalent choices. In the following, we will use
the latter alternative.

E. Equations of motions

It is known that quadrupole vibrations with J = 0
are fully characterized by Bohr parameters 3 and 7 de-
scribing the deformation in the principal axes system [9].
While 8 > 0 measures the degree of deformation, ~ de-
termines the shape type and the degree of triaxiality (the
ellipsoid describing the deformation is triaxial except -y
equal to even or odd multiples of %, attributed to prolate
or oblate axially symmetric shapes, respectively).

Bohr coordinates can be easily generalized to cases
with non-zero angular momentum .J, under the restric-
tion of Eq. (13). Indeed, defining new variables (3,7, ),

p
—
V2ail =¢= Bsinyeoss,  Bp € [0,00),
V2ol = (= Bsinysing, v € [0,7),
ag =n= [Bcosv, § € [0,2m),
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we see that the Lagrangian given by Egs. (1) and (2)
receives a very simple form

v

AB% + BB cos 3y + Cp*, (16)

T = g ([32 + %42 + 3207 sin” 7) .

Note that (3,7, d) and (p, d,n), respectively, are spherical
and cylindrical coordinates associated with the Cartesian

system (§,(,n), see Eq. (15).
Since angular momentum (14) reads as

J, = 2K (6 — £¢) = 2K %5 sin? y = 2K p%5,  (18)

the Lagrangian in Eqgs. (16) and (17) can be viewed as
if it describes a particle moving in potential V' subject
2
to the centrifugal barrier o i—;.
receive the following form:

Equations of motions

Kij = =241 =3B (1" — p*) — 4Cn (p* +1°) (19)

Kp=—2p[A—3Bn+2C(p*+n°)], (20)
K% (,;25) =0. (21)

While coupled equations (19) and (20) determine the mo-
tion in the p x 1 plane, the evolution of angle § can be
calculated from Eq. (21), equivalent to J, = 0, without
further differentiation.

The centrifugal term in Eq. (17) can be identified with

2
the energy of rotation Tyot = 2‘]722, defining the moment
of inertia

T, = 4Kp?, (22)

cf. Refs.[9, 12]. This is consistent with the relation 6 =
2¢, (thus J, = Z,¢.), where ¢, is the angle of rotation
about axis z in the real space (z,y,z). In particular, a
half rotation by ¢, = 7 in the real space realizes the
full rotation by § = 27 in the model space (§,(,n), in
agreement with discrete symmetries of the ellipsoid of
deformation [9].

Because moment of inertia (22) depends on the defor-
mation coordinate p = §sin~y, it varies during the evolu-
tion. In particular, it is evident that Z, = 0 if the shape
becomes symmetric around the rotational axis (i.e., in
our case, if ¥ =0 or 7, or § = 0). This general property
of the GCM holds independently from the degree of trun-
cation of the kinetic-energy expression and follows from
the kinematic restriction imposed by the description of
the nuclear droplet solely via the quadrupole tensor [9].

F. Principal axes system

The quadrupole deformation tensor « can be also ex-
pressed in its Cartesian (x, y, z) components via standard
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relations [12]

Qg = %\/*5 20[22*

a4l = 75( xzilayz P (23)

g
a2 = 5\/3F (0

The Cartesian matrix « is real, symmetric, and satisfies
an additional constraint cg, + oy + o, = 0 following
from the fact that the trace of any Cartesian tensor is
conserved in rotations and can be set to zero. Diagonal-
ization of v at any time ¢ represents a transformation to
the instantaneous principal frame of the deformed shape.
In this way, one can separate parts of the quadrupole ten-
sor that describe deformation and rotation, which makes
it possible to analyze the evolution of deformation under
the influence of rotation.

For J = (0,0, J,) with constraint (13) the Cartesian
matrix o has a block-diagonal form

- O‘yy) s

[

— Oy = 2iay)

[

1
-1 0
_ E 5 C\/g ! _5 _CL 0 (24)
3

The first block of matrix (24) is diagonalized with the
cosy, sing,
—singy, cosp,
a rotation by ¢, in the ordinary space (equivalent to a
rotation by 6 = 2p, in the model space). This shows
that ansatz (13) leads to rotations around axis z in the
body-fixed system, as indicated above. The eigenvalues
A1,2,3 of matrix (24) can be determined analytically:

JE s (252),
\f Beosy . (25)

We see that the eigenvalues do not depend on §, so the
deformation in the body-fixed frame is described solely
by coordinates (8 and ~.

Although formulae in Eq. (25) remain the same regard-
less of whether J # 0 or J = 0, there is one important
distinction between these two cases. Since the difference
of the first two eigenvalues can be expressed through

aid of transformation ( >, which is but

A12

A3

15 J,

— 2:77'
(A=A StK §

(26)

we see that for J, # 0 there must be a minimal distance
A1 — A2| determined by the maximal angular frequency
4 allowed for a given energy and angular momentum (as
follows from the centrifugal barrier). This is in contrast
with the J = 0 case, when the eigenvalues can cross
without any restriction. In Subsec. IIIB, we will dis-
cuss an important consequence of this rotation-induced
“no-crossing rule”.

III. NUMERICAL RESULTS
A. Motions with J =0

In this subsection we will analyze the degree of reg-
ularity of the motions generated by Egs. (19)—(20) for
zero angular momentum, i.e., § = 0. Without the loss
of generality one can set 6 = 0, converting Eq. (15) to
standard Bohr coordinates. We will use the Lagrangian
parametrization (i) with B = 1 and variable A (Sub-
sec. I B), which is advantageous if one wants to follow the
transition from deformed to spherical equilibrium shapes
via the phase-coexistence region, see the dot-and-dash
line in Fig. 2. (The parametrization with variable B for
A = —1, as discussed in Ref. [15], will be used in Sub-
sec. ITIB.) We start by introducing an appropriate mea-
sure of the degree of regularity, and then discuss concrete
numerical results.

The system’s phase space for J = 0 is effectively 4-
dimensional which means that trajectories with fixed val-
ues of energy lie on 3D manifolds. As classical trajecto-
ries do not cross each other, each point of the 2D Poincaré
section of the phase space [1] is passed just by one tra-
jectory. With J, # 0, however, the effective dimension
of the phase space increases to 6 and the uniqueness of
the 2D mapping of trajectories gets lost. The effect of in-
creasing angular momentum is illustrated in Fig. 3, where
we show the 1 x 7 plane for £ = 0 and E = 24.4 energy
units. Panel (a) depicts the situation with J, = 0 while
panels (e)—(g) correspond to J, # 0. For zero angular
momentum, the image (a) really represents a section of
the phase space, but as J, increases each point of the
portrayal is visited by infinite number of orbits.

Trajectories in the phase space of an integrable system
with 2 degrees of freedom lie on surfaces that are topolog-
ically equivalent to 4D tori. In crossings with Poincaré
sections such tori form sets of 1D curves (ovals) which
are covered by passages of individual trajectories (pe-
riodic orbits create just sequences of isolated points on
these curves). On the contrary, a fully chaotic system is
subject to the ergodic principle which ensures that orbits
uniformly cover the whole kinematically accessible area
of the Poincaré section.

In intermediate cases—for partially chaotic/regular
systems—the randomly covered areas in the Poincaré sec-
tion coexist with regular islands, remnants of tori. This is
demonstrated in Fig. 3(a) where the interplay of regular
and chaotic motions gives rise to a rather sophisticated
pattern of small and large tori (examples of some regular
orbits contributing to individual islands are displayed in
panels b—-d). Since potential (16) is manifestly invariant
under the transformation v — v + %777 the trajectories
in the £ x n plane can be rotated by 120°, which affects
the structure of Poincaré sections. For instance, while
the orbits of the type shown in panel (b) contribute to
the fish-like regular areas placed symmetrically with re-
spect to 77 = 0 in section (a), the corresponding rotated
trajectory passes through the lower central regular area.



FIG. 3: (color online) Panel (a) shows the { = 0 Poincaré
section (cf. Fig. 1) with 52 randomly chosen trajectories for
A= —2.6at E = 24.4. Panels (b)—(d) exemplify three regular
orbits that evolve for 30 (panels b and ¢) or 75 (panel d) time
units. In panels (e)—(g) the system from panel (a) is subject
to rotations with increasing angular momentum j = Jiz - (see
Subsec. III B). We see that the patterns (e.g., a pair of “fish”)
present in Poincaré section (a) gradually disappear as the nx7
plane ceases to uniquely characterize the £ = 0 section of the
phase space for j > 0.

Following Ref. [15], we will quantify the degree of reg-
ularity in case of J = 0 by a relative fraction of regular
islands in the Poincaré section. More specifically, we in-
troduce the ratio

Sreg

freg - Stot )

(27)

where S,e; is the area corresponding to all regular is-
lands in the £ = 0 Poincaré section and St is the total
kinematically accessible area (regular and ergodic) of the
same section. Fraction (27) may change between limit-
ing values 0 (complete chaos) and 1 (perfect order) as
the external control parameter A and energy E vary. An
alternative measure of regularity will be discussed in Sub-
sec. IITB.

In an ideal case, frcg would be determined through di-
viding the total area of the section into an infinite grid

109

E=10 o9

I
(&
L

m
N

n
=y
L

m
I
<
o2}
a
.

T
©
w
a
.

m
o
N

-
Ve
e
S
J
J
)
J

T
o

@

FIG. 4: Regular fraction (27) as a function of the control
parameter A in scaling (i) for various values of energy E.
The shown range of freg covers the whole definition interval
[0, 1].

of cells and labeling each cell according to whether it is
crossed by a regular or chaotic trajectory. With a fi-
nite grid, some systematic errors are unavoidable, but
their size decreases (if excluding some pathological situa-
tions) with increasing resolution. In the present case, we
have analyzed passages of 120 randomly chosen trajecto-
ries through a grid of 300 x 300 cells covering the whole
section. The trajectories for which the number of cells
passed during the selected time of evolution was less than
k times the perimeter of the kinematically accessible area
(number of cells forming the boundary) were declared
regular, while the others were considered chaotic. This
criterion is related to the expectation that passages of
regular trajectories through the section form effectively
1D manifolds; the value of k suitable for the presently
analyzed case was set heuristically. Our empirical way of
sorting the trajectories results in some systematic errors
(maximal for fieg ~ 1) which, however, do not exceed
5%.

The dependence of the fraction fieg on A for several
energies —0.1 < E < 10 is plotted in Fig. 4, and the
dependence of fogz on E for a few values of the control
parameter A is shown in Fig. 5. Note that similar de-
pendences (but in the variable-B parametrization with
A = —1) were discussed also in Ref. [15]. While the be-
haviors observed in asymptotic regimes A — oo (cf.
Fig. 4), and at £ ~ Ey;, and E — oo (Fig. 5) can
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FIG. 5: Regular fraction (27) as a function of energy E for
several values of the control parameter A in scaling (i). More
dependences for A < 0 were given in Ref. [15]. Minimal ener-
gies for A=0and A > i are Fmin = —0.105 (symbol ‘a’) and
Emin = 0 (symbol ‘b’), respectively. The thick full line repre-
sents a logarithmic approximation freg = 0.363 log,, £—0.285
valid at high excitation energies with A = 0.

be understood from simple general arguments, discussed
below, the temporal increase of regularity in the inter-
mediate domains of both A and E represents a rather
surprising, unexpected feature of the system.

Recall first that the system is fully regular for A — —oo
as in the scaling with parameter B this limit corresponds
to integrable case with V = * — 32, see Subsec. IIB.
The associated increase of frc, is, however, away from the
range shown in Fig. 4, where we rather observe that the
degree of regularity is low for large negative values of A.
Similarly, in the A — 400 limit the system becomes iden-
tical with the integrable quartic oscillator V = * + 32
Indeed, it can be observed in Fig. 4 that as A increases,
one eventually crosses a certain point A,es(E), above
which the fraction ficg becomes equal to 1. In particular,
we see that A,g(0) = 0 which indicates that the absolute
energy E' = 0 plays a special role (in the parametrization
with variable B the A = 0 case corresponds to the limit
B — 0o where the dynamics is therefore fully regular for
E <0 [15)).

A temporal increase of regularity in the intermediate
range approximately A € (—6,—2) for £ < 1 is probably
related to a similar suppression of chaos detected within
the “regular arc” inside the dynamical-symmetry trian-
gle of the interacting boson model [13]. This connection
can be deduced from similarities of the GCM and IBM
Poincaré sections in the respective parameter domains
[26]. However, since the IBM on the classical level has
two essential control parameters, the GCM (with only
one parameter) cannot mimic all versions of the IBM dy-
namics and the regular arc seems to be accessed just at
a single place. We intend to return to this issue in the
forthcoming article.

We know that in the non-rotating case the GCM sys-
tem with variable A interpolates between a deformed and

—— Order-Chaos ECh 10071E
fffff Convex-concave E_
fffff - Concave-convex E'

50

FIG. 6: The lower energy bound Eg,(A) for partially chaotic
dynamics is compared with the energy Ec.(A) of the convex—
concave transition of the border of kinematically accessible
area in the plane of deformation parameters. The curve
E!.(A) demarcates the change of the concave area back to
convex at higher energies.

spherical vibrator. At the phase-transitional point, which
in the present case is located at A = i, the approxima-
tion known as the X(5) critical-point dynamical symme-
try [27] is often applied, allowing for analytical predic-
tions of quantized level energies and wave functions. The
existence of a dynamical symmetry implies integrability
of the system. However, the present classical analysis
shows that the regularity does not increase around the
phase transition, just on the contrary, the A = i regular
fraction at low energies is very small, see Fig. 5. Ap-
parently, the GCM quartic potential does not reasonably
approximate the conditions required for the X(5) sym-
metry.

The dependence of the regular fraction on energy, as
illustrated in Fig. 5, is similar to the above-discussed de-
pendence on A. Also in this case there exist some com-
mon asymptotic features. At very small energies, small-
amplitude motions around the global minimum of the
potential are regular due to the validity of a local 2D
harmonic-oscillator approximation. As the energy rises,
freg Temains equal to 1 until a certain point—afterward
it drops sharply. It will be shown below that the value
E.,(A) where this happens can be approximately pre-
dicted from the form of the potential. For very large
energies, on the other hand, the value of f.; tends to
1, which can be explained by the fact that the system
is more and more affected by the y-independent quartic
term (3% of potential (16). The increase of regularity in
this regime, before the reach of the limit f.os = 1, can
be approximated by a logarithmic function, see the thick
line in Fig. 5. In the intermediate domain, between the
low- and high-energy limits, the regular fraction exhibits
a complicated energy dependences with sharp maxima
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FIG. 7: The ¢ = 0 Poincaré sections at A = —0.84 for various
values of energy (panels a—k), which are displayed in Fig. 8.
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FIG. 8: Potential (16) for A = —0.84 with energy levels cor-
responding to the Poincaré sections shown in Fig. 7. Level (i)
corresponds to the intermediate maximum of regularity. The
vertical scale is compressed according to (V + 1)/ which
demonstrates the V o 8* high-energy asymptotics.

(freg &~ 1) appearing in the region 20 < E < 30.

The dependence of energy E., of the order-to-chaos
transition on parameter A is shown in Fig. 6 (full curve).
Also shown there is the energy E.. (dashed curve) which
separates the region where the border of the kinemati-
cally accessible area in the £ x n plane (deformation pa-
rameters available for trajectories with given energy) is
fully convezr (E < E.) from the region where it becomes
partly concave (E > E..). It is clear that both curves
roughly coincide, in analogy with classical billiard sys-
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tems [1, 2] where the convex-concave transition triggers
the onset of chaos because of divergence of the trajec-
tories reflected on a concave boundary. The small dis-
crepancy between the two separatrices observed in the
present case, see Fig. 6, can be assigned to the fact that
the GCM—unlike the hard-wall billiard systems—is char-
acterized by a soft, diffuse potential.

Fig. 6 also shows (by the dot-and-dash curve) the
upper energy FE! (A) where the partly concave bound-
ary of the kinematically accessible area changes back
to a fully convex one. It is interesting that approx-
imately at the place where the curve E!, crosses the
value Eq. (at A = 1.3), the dependence E,(A) of the
low-energy order-to-chaos transition jumps from E = 0
to E' =~ 25. The system becomes regular in very broad
low-energy domain. This can be observed also in Fig. 5:
for A <« 1.3 there exists a deep valley in fr.g at en-
ergies within 0 < E < 20 which gets shallower as A
increases. When A crosses the value 1.3, this valley com-
pletely disappears. Note that also the remaining chaotic
region around E =~ 100 is gradually extincted so that
for A — +oo the system exhibits fully regular behavior
associated with the quartic-oscillator limit.

We saw that the character of the system’s dynamics is
predictable for very low and very high energies. On the
other hand, very little is known about the nature of the
temporal increase of regularity in the intermediate range
20 < F < 30, see Fig. 5. We have checked that the peak
of freg in this region (with maximal value fieg = 1) first
appears at A ~ —1, while for A ~ +1.3 it changes into
the flat structure, as discussed above. Let us note that
the maximum does not coincide with the energy E/, from
Fig. 6.

In Fig. 7 we show a series of Poincaré sections with
a fixed value of A = —0.84 (full curve in Fig. 5) for a
sequence of energies visualized in the corresponding po-
tential well in Fig. 8. The images in Fig. 7 illustrate
all stages of the f.os energy dependence discussed above:
regular behavior at very low energies (panel a), the onset
of chaos and its competition with regular islands (pan-
els b,c), complete chaotization of the whole phase space
(panel d), reappearance of some regular orbits and their
fragile coexistence with the chaotic sea (panels e-h), tem-
poral triumph of regularity (panel i), partial chaotization
again (panel j), and the fully regular limit (panel k). In-
deed, as indicated in Ref. [15], nuclear collective motions
(even those with J = 0) represent one of the most striking
examples of dynamics between order and chaos.

B. Motions with J, >0

This subsection is dedicated to numerical results for
non-zero angular momentum. It has been shown that
the distinction between rotating and non-rotating cases
is indeed relevant. First, the rotating case spans a larger
phase space, which has some consequences (see, e.g.,
Fig. 3). Second, evolutions of the deformation in the
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rotating case may differ substantially from the corre-
sponding evolutions (with the same initial conditions)
in the non-rotating case, regardless of how small the an-
gular momentum actually is. This effect, predicted in
Sect. ITF, is illustrated in Fig. 9. In panel (a), we com-
pare a pair of J = 0 and J, > 0 trajectories starting
at the same point in the deformation plane. The sud-
den divergence of both evolutions arises from the non-
crossing of the eigenvalues of the Cartesian matrix a in
case of non-zero angular momentum, as shown in panel
(b). Panel (c) demonstrates that for J = 0 the pair
of eigenvalues exhibits real crossing. As the difference
emerges for arbitrarily small angular momenta, there is
no transitional region between the two distinct modes.
We can conclude that the behavior of a rotating system
cannot in general be obtained via perturbative correc-
tions of the non-rotating dynamics.

In the following, we will characterize the degree of the
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FIG. 9: Comparison of two initially close trajectories in the
plane of deformation parameters for zero and non-zero spin
(panel a) and the corresponding plot of the quadrupole ten-
sor eigenvalues (panels b and c). The avoided crossing of the
eigenvalues at t &~ 1 for J, # 0 (panel b) is in contrast to the
real crossing for J = 0 (panel c¢), which leads to the sudden
divergence of both trajectories shown in panel (a). Calcula-
tion done for A = —1,B = 0.55, E = 0 and J, = 0 or 5% of

the maximal spin Jmax-.

system’s rotation by the fraction of the actual angular
momentum J, to the maximal angular momentum Jy,ax
that the system with a given energy can support:

J-

Jm ax

J (28)
The value of Jy.x depends on energy and on the model
control parameters. In Fig. 10 we show two sections of
this dependence. Note that in this subsection we will
utilize the variable-B parametrization (ii) with A = —1
(Subsec. IIB). The B-dependence of Jiax, in Fig. 10(a)
displayed for E = 0 (the energy value analyzed below),
increases steeply which means that a constant value of
the relative angular momentum j yields an increasing
absolute value J,. On the other hand, the energy depen-
dence shown in Fig. 10(b) is well approximated by the
known yrast-band relation E — Ey, o< J2,., where Epip
is the minimal potential energy for a given B.

We already know that Poincaré sections in case of non-
zero angular momentum cannot be represented by planar
images. Therefore, it is no longer feasible to utilize the
2D regular fraction f,g defined by Eq. (27) and we have
to find an alternative measure of regularity. A natural
generalization of the quantity fies is represented by the
relative fraction Fieg of the phase-space volume [13], i.e.,
the volume Ve, associated with regular orbits (e.g., in
the sense of initial conditions) divided by the whole phase
space volume V¢ accessible at given values of energy and
control parameters. From the numerical viewpoint, the
above fraction can be approximated by a ratio of the
number of regular trajectories in a given sample, Nyeg,
to the number N; of all trajectories generated:

_ ‘/reg ~ Nreg

Frep = POLL
g = .
Vvtot Ntot

(29)

With an increasing size of the numerical sample of trajec-
tories (with randomly selected initial conditions covering
the whole available phase space) the precision of Fey de-
termination gradually improves. In our simulations, we
had Nt =~ 200. The resulting statistical error of Feg is
negligible, about 1%, while possible numerical error was
estimated up to ~ 10-20%.

Although the fraction (29) is not identical with that
from Eq. (27), a reasonable correspondence of both mea-
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FIG. 10: Two sections of the dependence of maximal angular
momentum Jmax on control parameter B (panel a) and energy
E (panel b).



sures is expected for J = 0. This comparison for £ = 0,
in the parametrization with variable B and A = —1, is
plotted in Fig. 11. The dependence of f.., was taken
from Ref. [15] and can be also compared to the A < 0
part of the £ = 0 curve in Fig. 4 using the scaling relation
A= —ﬁ. Admittedly, there are a few discrepancies be-
tween the two dependences in Fig. 11, the most notable
ones at B = 0.3 and at the following extrema, but as
a whole, the two graphs do match reasonably well. Let
us stress that the fre and Fie; measures are different
by definition and a complete accordance should not be
expected.

To evaluate Eq. (29), regular trajectories have to be
distinguished from the chaotic ones. This has been ac-

regularity

FIG. 11: Comparison of freg (dotted) and Freg (full line) from
Egs. (27) and (29), respectively, forJ =0, E =0and A = —1.
1(
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FIG. 12: Dependence of the regular fraction Fie from
Eq. (29) on parameter B for A = —1, E = 0, and various
values of the relative angular momentum j.
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complished via generating pairs of trajectories with very
close initial conditions (instead of single trajectories) and
by analyzing the time dependence of their logarithmic
deviations, see Ref. [13]. A chaotic trajectory separates
from the neighbors exponentially, as follows from the very
definition of chaos. When this trend is checked by the
finiteness of the phase space, the deviation gently fluc-
tuates around its saturated value. For this reason, the
logarithm of the separation as a function of time tends to
be approximately a two-piece linear function with its sec-
ond part constant. As the separation of the regular tra-
jectory from its neighbors is polynomial, the saturation
is rarely attained, and the time dependence of logarithm
of separation is logarithmic. So the distinction between a
regular and a chaotic trajectory is straightforward, pro-
vided that the time scale is chosen adequately. Let us
note that there exist alternative methods for comput-
ing Lyapunov exponents (e.g., the one based on repeated
rescaling of the distance of neighboring trajectories [28]
which avoids the saturation due to the finiteness of the
phase space), but for our purposes the present approach
was found quite suitable.

Figure 12 shows the dependence of the regular frac-
tion Fleg on parameter B for £ = 0 and several val-
ues of relative angular momentum (28). First, we have
checked (the result not being shown here) that the de-
pendence Fie(B) for j < 0.01 is very similar to that
for j = 0. For greater values of spin, j > 0.05, the
B > 0.3 extrema in Fig. 12 shift rightwards and/or even-
tually vanish. This is accompanied by the emergence of
a saturation region with Fi., ~ 1 at j ~ 0.1 that moves
toward smaller Bs with increasing spin. Note, however,
that the location of the first deep minimum of regularity
in the range 0.1 < B < 0.3 slowly moves leftwards and
its depth increases with j. It follows that introduction of
sufficient angular momentum tends to stabilize the sys-
tem for B > 0.3, in agreement with the same average
trend observed in the IBM [13]. For B < 0.3, on the
other hand, the degree of chaos slightly increases with j.
Smaller values of angular momentum have little influence
on the system’s regularity.

IV. SUMMARY AND CONCLUSIONS

We have analyzed classical chaos in the geometric col-
lective model describing in the simplest approximation
vibrations and rotations of nuclei with quadrupole de-
formations. The reason for investigating the classical
version of the model—despite the quantum nature of
nuclei—follows from the need to understand the classi-
cal character of various types of motions that emerge in
different regimes of nuclear collective dynamics, in par-
ticular those involved in the competition between regular
and chaotic features.

In the analytic part (Sec. II), we describe the prop-
erties specific for the classical treatment of the collec-
tive model. From the topics discussed therein we high-
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light particularly the scaling properties (Subsecs. IIB
and ITC) which ensure that in the truncated form the
classical GCM has just one essential external parame-
ter (e.g., A or B) and that there exist two independent
paths crossing all non-equivalent dynamical configura-
tions. In the parametrizations with variable A and B,
respectively, these two paths can be expressed as follows:
(i) A € (—o0,+00) with B = £1 or B = 0, and (ii)
B € [0,£00) with A = —1 or A = +1 (the sign of B
is arbitrary since the symmetric prolate and oblate con-
figurations are related just by a trivial transformation).
Note that both paths (in each parametrization) join for
A — +o00 and B — +o0.

We have also analyzed (Subsecs. IID and ITE) expres-
sions for the classical angular momentum and showed
that in the simplest rotating case, when the spin is par-
allel with one of the principal axes of the quadrupole de-
formation (Subsec. ITF), the configuration space is only
3-dimensional and can be naturally represented by coor-
dinates (15). The resulting equations of motions (Sub-
sec. ITE) are equivalent with those describing a particle
moving in potential V' and subject to centrifugal forces
associated with a conserved value of angular momentum
g

In the numerical part (Sec. III) we have demonstrated
that the GCM exhibits an unexpectedly complex in-
terplay between regular and chaotic types of motions.
This is in agreement with our earlier result [15], but
in the present paper we extended the previous analysis
(i) by evaluating the J = 0 planar regular fraction (27)
at several energies for the whole parameter path across
the spherical-deformed shape phase transition (see Sub-
sec. ITTA), and (ii) by analyzing the dependence of the
volume regular fraction (29) and Lyapunov exponents on
the angular momentum J, at E = 0 for the parameter
range covering the deformed side of the phase diagram
(Subsec. IIIB).

The most important result obtained in the J = 0 part
(Subsec. IITA) is the discovery of the two quasiregular
islands in intermediate domains of the control parameter
A and energy E. One of these islands resides at low en-
ergies, £ < 1, in the range approximately A € [—6, —1],
B =1, see Fig. 4 (equivalent to B € [0.4,1], A = —1,
see Fig. 11), and the other one at intermediate ener-
gies, 20 < FE < 30, within the interval A € [—1,+1],
i.e., around the spherical-deformed transition, see Fig. 5.
While the latter quasiregular region is probably too high
in excitation energy to be relevant experimentally, the
former one is undoubtedly a close relative of the IBM
“arc of regularity” [13] which was recently shown to have
a potential impact on nuclear data [18]. It needs to be
stressed that the origin of regularity in the above do-

mains still remains rather unclear. On the other hand,
the mechanism underlying the emergence of chaos in nu-
clear collective motions at the lowest energies was iden-
tified with the convex—concave transition of the shape of
the kinematically accessible area in the plane of defor-
mation parameters (Fig. 6), similar to billiard systems.
This conclusion might be important from the viewpoint
of practical low-energy nuclear-structure physics.

In the J, > 0 part (Subsec. IIIB) we showed that
within the classical GCM the effect of spin can never be
treated in a perturbative way. This is so because of the
no-crossing rule valid for the quadrupole tensor eigen-
values in the rotating case (Subsec. ITF), which implies
that classical orbits with non-zero (anyhow small) spin
are likely to eventually start diverging from the zero-spin
orbits with the same initial deformation (see Fig. 9). The
dependence of the degree of chaos on angular momen-
tum, as shown in Fig. 12, is non-monotonous and depends
on the value of control parameter. Nevertheless, we can
roughly outline these results as indicating the overall ten-
dency for suppression or enhancement of chaos with in-
creasing angular momentum for B > 0.3 or B < 0.3,
respectively. It seems that sufficiently large centrifugal
forces may totally regularize as well as totally chaotize
vibrations of the nuclear droplet, depending on values of
the model control parameters. We have to stress, how-
ever, that the J # 0 study was performed here only in a
limited parameter and energy range, and under certain
simplifying assumptions (see Subsec. IID).

We believe that the investigation of regular and chaotic
collective motions of nuclei and similar objects (atomic
clusters etc.) constitute a perspective topic for future
studies. One of the indisputably nice aspects of this field
(besides the importance for nuclear-structure physics) is
the conceptual simplicity combined with surprising com-
plexity of results, which makes it an attractive subject
for student work (note that a considerable part of this
paper is based on master theses of the first two authors).
A continuously updated database of results on the classi-
cal GCM and IBM dynamics (including animations) can
be found on our web pages [29].
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We investigate collective vibrations and rotations of atomic nuclei from the classical viewpoint
within the geometric collective model. We quantify the proportion of regular and chaotic orbits in
the phase space, observing very complex behavior of its dependence on the model control parameters,

energy, and angular momentum.
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I. INTRODUCTION

In recent years, quadrupole collective motions of nu-
clei have been shown to represent an excellent example
of dynamics on the border between order and chaos [1-
3] and became interesting not only for nuclear physicists
but also for those interested in general questions of com-
plexity and nonlinear phenomena. We use the geometric
collective model (GCM) in its classical case, studying
proportion of regular and chaotic modes of motion in
dependence on different values of external parameters,
on angular momentum and energy. In spite of apparent
simplicity of GCM approximations, surprising variability
and complexity of the existing types of collective modes
was disclosed. The quantity of regularity shows sharp
peaks surrounded by the sea of chaos.

In this article we considerably simplify the situation
in the GCM using scaling properties of Lagrangian that
allows us to reduce the number of external parameters.
Then we show main aspects of measuring chaos and anal-
yse the degree of chaos for the cases corresponding to ax-
ially deformed shapes as a function of the essential free
parameters B and k, of energy E and angular momentum
J. The primary focus of our work is to investigate the
dominant features of the GCM dynamics in all regimes,
and so we occasionally fall into unrealistic ones.

II. THE MODEL

We deal with the truncated Lagrangian of quadrupole
shape deformations L = T'—V. The potential and kinetic
terms read as

(0)
V:A\/g[axa](o)—Bq/% [[axa]@)xa} +

%
A VB
+C’5([oz><a}(0))2 (1)
\Z
T:5(1+m/5 o x a]®) V5 [a x 4], 2)
2 ——_— ——
T

where «a, are quadrupole collective variables forming a
spherical tensor of rank A = 2 (with p = —=2,...,2)

and describing the dynamics of deformations (only 5 real
components of this 5 complex variables are independent
because of the relation o*, = (—1)*a,, so the system
has 5 degrees of freedom). {4, B,C, K, k} denote a set
of external parameters, [e X o]o‘) stands for the coupling
to angular momentum A and the dot for time derivative.
We have defined for further reference shorthand notations
Vapc and 7.

The condition C' > 0 ensures that the system is bound
(lle]l < o0) and has a finite ground-state energy. Since
we do not want to insist on smallness of a, we may as-
sume that the coefficients at higher order terms in the
expansions of V' and T become negligible.

In Lagrangian (1)—(2) there are quantities of three fun-
damental physical units: unit of size, of energy and of
time (represented by «, L and the time derivative d/dt).
Consider the transformation

a=aa, L=0L, t=-ct, (3)
where @, L, and f are quantities in new units, fixed by
constants a, b, and c. Defining

2 3 4

—a _q _a
A=%4, B=%B, =%
b p P C=3 ¢
K=K, i-a (4)
=2l R=a'k

(we assume that none of these expressions is singular),
one obtains a transformed Lagrangian L of the same form
as above,

L="(14&VA)T —AVs—BVg—-CVc, (5)

N |

where expressions for 7 and ]_)A, B,c have the same form
as those from (1)—(2), but with substitutions from («, t)
to (@, t). Without the loss of generality, the units can
therefore be chosen such that three out of the five pa-
rameters {A, B,C, K, k} become equal to unity and the
remaining two parameters take the role of the only ex-
ternal variables.

Since the scaling does not change physical content, the
above construction shows that the classical GCM has just
two essential control parameters (and one if even more
truncated kinetic term with x = 0 is considered). This
feature simplifies the classification of all possible quali-
tative configuration of the system. In the next we will
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Z
5 7] (7)
a(0.313]0.40 1
b|0.446|0.65| 2.03
c|0.535|0.63| 2.92
d|0.625|0.75| 3.99

TABLE I: Maxima of freg(B) for the simple GCM with J = 0,
E = 0. In the last column they are compared with B, (the B
value of the first maximum).

use the parametrization with |[A] = 1,C = K = 1 and
variable B, because this parameter controls the onset of
chaoticity, as we show later. On the other hand, the
parametrization with variable A is advantageous if one
wants to follow the transition from deformed to spherical
equilibrium shapes, as discussed in Ref. [3]. The second
of the two control parameters will always be k. For the
sake of brevity, the bar above the transformed quanti-
ties will be skipped. Note that the combination ‘g—g is
invariant for all parameterizations, see Eq. (II).

In order to extend more our tools that can be used to
analyse dynamical properties of the GCM we introduce
angular momentum through expression [4]

Jy=iKVI0 [axal), p=-1,...1 (6)
(as the spherical tensor of rank A = 1). The 5 degrees of
freedom of Lagrangian L can be separated into three ro-

tational and two vibrational by transforming the system
into the intrinsic frame. If we require

1
= 756

A_9 = (2 a_1:a1:0, Qg =1
G_g=do, G_1=0c; =0, (7)

where ¢ and 7 describes pure deformations of nuclear
shape, we obtain the non-rotating case of zero angular
momentum and very simple 2D Lagrangian

Lj—o= % (1+r(n*+¢€%)) (772 +52) -
AP+ &) - Bn (3¢ —n*) —C(* +£*)*  (8)

(in Bohr coordinates = 3 cos~y, £ = (sin~ the potential
has the well-known form V = AB% + B33 cos 3y + C ).

At this point we are ready to construct Langrange
equations of motion for two different cases J =0, J # 0
and to investigate its solutions.

III. TWO MEASURES OF CHAOS

In this section we introduce two different methods to
quantify the proportion between regular and chaotic so-
lutions of GCM.

The first method is suitable only for systems with 2
degrees of freedom. The phase space of such a system
is effectively 4-dimensional (4D) which means that tra-
jectories with fixed values of energy lie on 3D manifolds.
As the classical trajectories do not cross each other, each
point of the 2D Poincaré section [5] of the phase space is
passed just by one trajectory. Regular trajectories form
sets of 1-dimensional curves (ovals) (periodic orbits cre-
ate just sequences of isolated points on these curves),
whereas chaotic trajectories uniformly cover a fraction of
the section area. This is demonstrated in Fig. 1. For
systems with more degrees of freedom the uniqueness of
the Poincaré mapping of trajectories gets lost.

We will quantify the degree of regularity in case of
2D system (non-rotating GCM) by a relative fraction of
regular islands in the Poincaré section [3]:

Sreg
reg — 5 9
f & Stot ( )

where S.e; is the area corresponding to all regular is-
lands in the £ = 0 Poincaré section and Siot is the total
kinematically accessible area (regular and ergodic) of the
same section. Fraction (9) may change between limiting
values 0 (complete chaos) and 1 (perfect order).

The second method how to quantify regularity of the
dynamical system, which works both for 2D and for more-
D systems, can we introduce as follows. We generate
trajectories with randomly chosen initial conditions and
then separate them into two sets: regular and chaotic.
The regular fraction could then be defined as

(10)

where Nye, is the number of regular trajectories of to-
tal Nioy trajectories. If the initial conditions of the ran-
domly chosen trajectories uniformly cover the accessible
manifold of the phase space and if the Poincaré section
is selected such that every trajectory crosses it, then the
definitions (9) and (10) give for large N;,; same results.
We will assume that this condition is fulfilled and use
only one notation fi.s. To distinguish between regular
and chaotic trajectories we use the new fast method SALI
(Smaller ALignment Index) [6].

IV. NUMERICAL RESULTS

At first we will analyze the degree of regularity of the
motions generated by Lagrangian (II) for zero angular
momentum and for kK = 0. The parametrization with
variable B and with A = —1,C = K = 1 will be used
(negative A describes axially deformed shapes).

The basic result—the dependence of fraction fos on
the parameter B—is plotted in Fig. 2(a), and the de-
pendence of fre on E for several values B is shown
in Fig. 3. While the behavior observed in asymptotic
regimes B = 0, B — oo (Fig. 2(a)) and at E ~ Eyip,
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FIG. 1: Poincaré sections with 52 randomly chosen trajectories at Kk = 0, E = 0, J = 0 for various B values. More complex

structure of sections appears for smaller B.

(b)

FIG. 2: (a) The regular fraction of the phase space as a function of B for k = 0, J = 0 and absolute energy E = 0,0.1. Four
sharp maxima at B = 0.313,0.446, 0.535, 0.625 (see also Tab. II) are marked with letters a, b, ¢, d respectively. Poincaré sections
belonging to the maxima are drawn in Fig. 1. (b) Example of potential for A < 0, B,C, K > 0 (axially deformed shape), x = 0

and v = 0.

E — oo (Fig. 3) can be understood from simple gen-
eral arguments, discussed below, the temporal increase
of regularity in the intermediate domains of both A and
F represents a rather unexpected feature of the system.

Let us discuss the curve for £ = 0 in Fig. 2(a). For
B = 0 the system is integrable (quartic oscillator) and
thus fully regular. With increasing B the f,o; decrease,
but it does not reach zero. Surprisingly it begins to rise
and shows 4 sharp maxima with high regularity (Tab. II)
at values labeled B,, x = a, b, ¢, d. The squares of ratios
B, /B, are natural numbers with good precision. This
feature can be connected with some kind of unknown
symmetry in the system. The last maximum at By is
probably related to an analogous suppression of chaos
detected within the “regular arc” in the interacting bo-
son model (IBM) [1]. It can be deduced from similarities
of the GCM and IBM Poincaré sections in the respective
parameter domains [7]. Leaving the maxima and moving
towards higher values of B, there appears a deep mini-
mum at B = 1.09 and then the f.o; begins to rise and
reaches 1 for B — oo (due to the scaling properties, this
asymptotic case is equivalent to A =0,B =C = K = 1).

Appropriate Poincaré sections for the maxima of regu-

larity (Tab. II) are plotted in Fig. 1. The most complex
picture with many regular islands—remnants of tori—
occurs for B = 0.446, whereas for larger B the pictures
become simpler. It is related with rich dependence of
freg(B) in the intermediate range of B.

The energy E = 0 plays special role. It is given by the
shape of the potential (Fig. 2(b)), having the local max-
ima at § = 0, E = 0. Looking at the curves for £ = 0.1
in Fig. 2(a) we see that the structure in the intermedi-
ate region of parameter B disappears. Also the fading of
regularity for small B is much faster. Nevertheless the
maximum connected with the “regular arc” in the IBM
near B = 0.6 persists.

The energetical dependence of the fee, as illustrated
in Fig. 3, is very similar to the dependence on B. At
very small energies, small-amplitude motions around the
global minimum of the potential are regular due to valid-
ity of a local 2D harmonic-oscillator approximation. As
the energy rises, frog remains equal to 1 until a certain
point—afterwards it drops sharply. This value can be
approximately predicted from the form of the potential.
The border of the kinematically accessible area in the
& x n plane is fully convex below this value of energy and
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FIG. 3: The regular fraction as a function of energy for k = 0. The values of B correspond to (a) maxima and (b) minima of
the curve for E = 0 from Fig. 2(a). The horizontal axis is split into linear and logarithmic parts. The insets expands the E ~ 0

region.

FIG. 4: (a) The regular fraction as a function of B for x # 0, J = 0 and absolute energy F = 0. (b) The same as in panel (a),
but for K = 0 and nonzero angular momentum J. For comparison, there is also shown the solid curve from Fig. 2(a) on both

panels.

becomes partly concave above. For very large energies
the value of f,ey tends logarithmically to 1, which can be
explained by the fact that the system is more and more
affected by the v-independent quartic term of potential.
In the intermediate domain, between the low- and high-
energy limits, the regular fraction exhibits a complicated
energy dependences, especially near zero energy (this be-
havior is illustrated in insets of Fig. 3), and for B > 0.9
also in the region 20 < E < 30, where one peak of full
regularity appears (see curves for B = oo in Fig. 3(a) and
for B =1.09 in Fig. 3(b)). Whereas in the scaling with
parameter B the position of this peak moves with chang-
ing B, in the scaling with A it has fixed value F ~ 23
Ref. [3].

Extending the GCM by setting x # 0 (i.e. by intro-
ducing more complicated kinetic term), the dependence
freg(B) for E = 0 do not change markedly, as it is de-
picted in Fig. 4(a). For x = 1 the first maximum of
regularity appears for smaller B, and other maxima are

slightly shifted towards greater B. The overall regularity
rises with increasing «.

Returning back to k = 0 we demonstrate the influ-
ence of non-zero angular momentum in Fig. 4(b). Two
main differences between rotating and non-rotating case
are: (1) the abrupt increase of chaos for small B and (2)
the suppression of complex structure containing minima
and maxima in the intermediate range of parameter B.
The maximum of regularity at B ~ 0.6, however, still
remains.

V. SUMMARY

We have analyzed classical chaos in the GCM and ob-
serve complex behavior of regularity in dependence on
two external control parameters B and x (which are the
only two control parameters due to scaling properties),
on energy and on angular momentum. The character



of the system’s dynamics is predictable for very low and
very high values of B or energies. On the other hand very
little is known about the nature of the temporal increase
of regularity in the intermediate range of approximately
0.2 < B < 1.2. Nevertheless even if the structure of
maxima and minima changes with angular momentum,
energy or parameter x, the maximum near B ~ 0.6 re-
mains. It indicates that the origin of it is highly univer-
sal. This maximum is undoubtedly a close relative of the
IBM “regular arc”[7]. We also discover that the maxima
of regularity for the case of kK = 0, zero angular momen-
tum and zero energy forms the array with very simple
ratio of its elements.

We show that increasing x (i.e. introducing new
term which is physically connected with the coordinate-
dependent mass) does not rapidly change the dependence
of regularity on parameter B, only the extremes shift. On
the other hand nonzero angular momentum changes the
situation more widely. Centrifugal forces totally chaotize
the system for small B and smooth the complex structure
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for larger B. Theoretically the effect of non-zero spin in
the GCM is elaborated in [3].

We have demonstrated that the investigation of regu-
lar and chaotic collective motions of nuclei (even those
with J = 0) represents one of the most striking examples
of dynamics between order and chaos and constitute a
perspective topic for future studies. A continuously up-
dated database of results on the classical GCM and IBM
dynamics can be found on our web pages [8].
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Spectra of the geometric collective model of atomic nuclei are analyzed to identify chaotic corre-
lations among nonrotational states. The model has been previously shown to exhibit a high degree
of variability of regular and chaotic classical features with energy and control parameters. Corre-
sponding signatures are now verified also on the quantum level for different schemes of quantization

and with a variable classicality constant.
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I. INTRODUCTION

What are typical features of a quantum system whose
classical limit is chaotic? This is a central question of
so-called “quantum chaos” [1-5], a branch of quantum
physics that has been attracting a considerable interest
since 1970’s. Apparently, quantum systems show no tra-
jectories, hence no Lyapunov exponents, Poincaré sec-
tions or other signatures constitutional for the distinc-
tion of chaos on the classical level. Instead, some gen-
uinely quantum attributes of the system seem to absorb
the information on the regular or chaotic character of the
classical dynamics. The best known examples are corre-
lation properties of the spectra of energy levels. As a sur-
prise, quantum systems with a chaotic classical counter-
part show highly correlated quantum spectra, described
within the theory of Gaussian matrix ensembles [6], while
the spectra of systems that are classically regular look
more or less random.

In recent years, alternative signatures of quantum
chaos have been proposed, like the morphology of wave
functions [1, 2, 5], fluctuations of the scattering matrix
[5], sensitivity to perturbations [7] etc. The research of
these issues is by far not completed. Note that the ab-
sence of an exact definition of chaos on the quantum level
led to a proposal to use the term “quantum chaology” in-
stead of quantum chaos [8].

The relation of spectral properties of chaotic quantum
systems to those of Gaussian matrices was proposed by
Bohigas, Giannoni, and Schmit in 1984 [9]. Since then,
the conjecture has been tested in numerous concrete sys-
tems and supported by several involved theoretical anal-
yses. Recently, correlation properties of quantal spectra
were rephrased into the language of stochastic time se-
ries with ~ 1/f% type of noise, the chaotic case being
identified with o = 1 [10].

In spite of this progress, some problems concerning the
relation of the level statistics to classical chaos remain
open. The following two questions, in particular, helped
to guide the work presented in this article: First, if the
classical dynamics exhibits abrupt transitions between
dominantly regular and dominantly chaotic types of mo-
tions with varying energy, to what extent does the level
statistics within a single spectrum follow these changes?

Second, since the quantization is not a unique procedure,
does Bohigas’ conjecture hold in all quantum realizations
of the given classical system?

The model we use to probe the above questions is
the geometric model of nuclear collective motions [11].
Classical dynamics generated by this model was recently
shown to exhibit an immense variability of the dynami-
cal modes [12, 13]. The rise of ordered modes from the
chaotic ones and their breakdown are phenomena ob-
served at numerous places in the plane of energy ver-
sus control parameter—and in a majority of cases they
are not properly understood yet. Very similar properties
have been assigned also to the interacting boson model
[14-16], which is closely related to the geometric collec-
tive model. A detailed analysis of dynamical features
of these models is an interesting and important subject
in the context of nuclear physics. However, we consider
these models to be very well suited also for more gen-
erally oriented studies, such as those seeking answers to
the above questions.

The classical analysis of chaos in the geometric collec-
tive model has been presented in Refs. [12, 13]. In the
present paper, we focus on the analysis of quantum prop-
erties. We restrict ourselves to a subset of quantum levels
with zero angular momentum, which makes the config-
uration space effectively two-dimensional, in contrast to
five-dimensional space corresponding to general motions.
It is then shown that the classical version of the model for
zero rotations can be quantized in two physically mean-
ingful ways. We solve the eigenvalue problem in both
cases and compare the level statistics obtained, looking
particularly into the regions where transitions between
regular and chaotic dynamics take place. The possibility
of changing the value of a classicality (Planck) constant
enables us to populate the spectrum with variable density
of quantum states, which is used for a global inspection of
large energy domains and zooming in some finer details.

The previous paragraph outlined the content of the
present part of this paper, further referred to as Part I.
In the forthcoming part, Part II [17], the method in-
vented by Peres [18] will be applied to the geometric
model. The method, which exploits specific information
on the structure of individual eigenstates, makes it possi-
ble to draw the spectrum of a quantum system in a way
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that allows one to visually allocate regular and chaotic
domains. A close relation to classical dynamics, in par-
ticular an analogy with the graphical method based on
Poincaré sections, will be demonstrated.

The plan of the present part of the paper is as follows:
In Sec. II (and in Appendix A), we introduce the model
with its alternative quantizations and discuss some tech-
nical issues related to its numerical solution. The method
used to evaluate the spectral statistics is described in
Sec. III. In Sec. IV, the results of the statistical analy-
sis are presented and compared with the corresponding
classical measures of chaos. Conclusions are contained in
Sec. V.

II. THE MODEL
A. 5D and 2D Hamiltonians

In this section we introduce the Hamiltonian of the
Geometric Collective Model (GCM) for zero rotations,
J = 0, and provide two different ways of its quantization,
which are referred to as five-dimensional (5D) and two-
dimensional (2D) cases.

The kinetic and potential terms of the GCM Hamilto-
nian H =T +V,

T = 2rxn®, (1)
V = VBA[ax o)? — \/§B [[a x o] x a @
50 ([ox @) @)

are built from generalized complex coordinates o = a,(f)
(with 4 = —2,...,42) and the corresponding conjugate
momenta m = 77;(?); which are both spherical tensors of
rank 2. Parameter K in the kinetic part has the meaning

of mass, while {A, B, C} determine the form of the poten-

tial. Note that [a x b]()‘) stands for a coupling of general
tensors a and b to angular momentum A. The Hamilto-
nian is rotationally invariant since it contains only scalar
couplings of coordinates and momenta.

The model is usually approached via an expansion
of the nuclear radius into spherical harmonics, R =
Ro(1+32,, ozf[\)*Y#(’\)), with only the A = 2 terms taken
into account; hence the name geometric model. However,
the coordinates can also have different interpretations
keeping only their quadrupole tensor character. The geo-
metric Hamiltonian in the above form was introduced by
Aage Bohr in 1952 [19]. A way of systematic construction
of higher-order terms in both potential and kinetic parts
of the Hamiltonian was presented by Gneuss, Mosel, and
Greiner [20]. Several other types of potential have been
considered in connection with shape transitions in nuclei.
An overview of these potentials with relevant references
and the corresponding quantum solutions can be found
in Ref. [21].

Coordinates « satisfy the constraint aff)* = (—)”a(_zi

and therefore contain five independent real variables.
Two of these variables capture the intrinsic shape of the
nucleus (with a quadrupole deformation) and the remain-
ing three variables describe the orientation of the nucleus
in the laboratory frame (they can be associated with the
FEuler angles transforming the lab frame to the intrinsic
one). In the intrinsic frame, only the shape variables
are relevant. These are connected with the two indepen-
dent scalar combinations of a’s in Eq. (2) and are usually
parametrized as follows:

a(()z)EBCOS’yEx, \@ReagEﬁSiHWEy (3)

(ag = 0). This yields the potential in the form:

V = AB% + BB cos 3y + Cp*. (4)
Standard quantization procedure with 7, = —ih 62#

leads to the kinetic term [19]

(10 ,0 1 0 . 0
o (575735 * T 7 3
+ Tr0t7 (5)

T5D: _

where T} stands for a nontrivial rotational part of the
kinetic energy, containing the derivatives with respect to
FEuler angles and coupling all five dynamical variables.
Since we restrict ourselves only to nonrotating regimes,
J = 0, we set Tiot = 0. This can be seen as a projec-
tion of the full 5D coordinate system into an effectively
two-dimensional space describing vibrational degrees of
freedom O and 7. Note, however, that this projection
differs from the 2D case by a modified definition of the
scalar product, namely:

2 oo
(WP W3 = / / WP UEP 5 |sin3y|dBdy, (6)
o Jo —

where WP (3, ~), with i = 1,2, stands for two wave func-
tions and N(3,7) represents a measure. Appendix A
gives some details, see in particular Eq. (A8). The nor-
malization condition (WP |¥5P) = 1 leads to another
class of solutions than would apply in case of a genuinely
2D Hamiltonian.

For J = 0, however, the truly 2D scheme represents
an alternative way of quantization. It means that we put
the system into the intrinsic frame first and only then
carry out the quantization. The kinetic term obtained in
this way reads as follows:

(10,0 1 0
TP = (= Zf=—+ == 7
ow (o0t o) O
which is nothing but the standard 2D kinetic energy ex-
pressed in polar coordinates (r,¢) = (5,7). The scalar

product in this case is defined in the usual way, therefore
the space of solutions coincides with L?(R?). Note that
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FIG. 1: Energy levels of the GCM Hamiltonian for A = —1, B = 1.09, C = 1, and #*/K = 25- 10~ drawn inside the y = 0
section of the potential well. Energy is given in relative units. Panels (a) and (b), respectively, show even and odd states in the
2D quantization, panel (c) corresponds to the 5D quantization. Levels associated with the wave functions in Fig. 2 are marked
with their respective ordinal numbers. In both 2D cases, levels of the harmonic-well approximation are drawn on the left.

the Hamiltonian given by Egs. (7) and (4) is a generaliza-
tion of the widely studied Hénon-Heiles model [22]. Let
us stress that in the nuclear physics context only the 5D
quantization is correct.

Both forms (5) and (7) have the same classical limit
for J = 0. The corresponding Hamiltonians H°P and
H?P_ respectively, with the common potential (4), enable
one to study the impact of the quantization method on
spectral correlations. Although individual energy eigen-
values obtained in both quantizations are different, we
may assume—as implicit in Bohigas’ conjecture—that
the spectral statistics remains essentially the same (af-
ter correctly separating levels with different conserved
quantum numbers in both cases). The validity of this
assumption will be discussed in Sec. IV. Note that de-
spite the 2D and 5D quantum Hamiltonians carry a clear
physical meaning, they represent just two options out of
an infinite number of quantization possibilities.

B. Numerical solution

Both versions of the J = 0 GCM Hamiltonian are diag-
onalized numerically, using the eigenbases of a 5D or 2D
harmonic oscillator. The oscillator Hamiltonian reads as
HS. = T® + Vise, where Voge = Apse3% (With Ay being
an arbitrary positive constant whose optimal choice will
be discussed later) and T stands for the 5D or 2D ki-
netic operator (5) or (7), respectively (we denote e =5D

or 2D). A general GCM Hamiltonian H® = T°*+V is ex-
pressed as H®* = H3 .+ V', where V/ =V — V.. It turns
out that matrix elements of V' in both oscillator bases
can be expressed analytically, which makes the process
of numerical diagonalization very efficient. Details and
explicit expressions can be found in Appendix A.

The original 5D solution of the GCM possesses several
implicit symmetries, namely

TP (B,7) = UL (B,y + &) , (8)
\IJSD(/Bvly) = \IJSD(ﬂv _7) ) (9)

with WP an arbitrary wave function in 5D. These rela-
tions arise from the ambiguity of the system’s orientation
in the intrinsic frame. On the other hand, solutions of
the 2D model do not a priori satisfy such symmetries.
If the spectra associated with both quantizations are to
be compared, conditions (8) and (9) need to be imposed
externally also to the 2D case. This is done by select-
ing a subset W30 (where E stands for even in variable
v) of the 2D oscillator basis in which the diagonaliza-
tion is carried out (see Appendix A). In addition, if we
relax condition (9) and require only the equality of ab-
solute values of the wave functions involved, we can take
into account another independent class of 2D solutions,
namely the wave functions odd in variable v, i.e. satis-
fying U2P(3,~) = —W¥2P (B3, —). These are obtained by
diagonalization in the subset \Ilzol?nm of the 2D oscillator
states (Appendix A).
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FIG. 2: Probability densities derived from the wave functions for selected levels from Fig. 1. Columns (a), (b), and (c) show
the 2D even, 2D odd, and 5D cases, respectively. All distributions are constrained by the three-fold symmetry of the potential.
The dashed lines demarcate the kinematically accessible area at given energy; cf. the dashed lines in Fig. 1. The states in two
upper rows belong to the region where the quadratic-well approximation of the potential is valid. The third and fourth row,
respectively, depict examples of regular and chaotic states with higher energies.

The Hamiltonian matrix expressed in the truncated
oscillator basis has a band form. The band width is ap-
proximately equal to the maximal value of the principal
quantum number in the selected subset of basis states.
This makes the diagonalization feasible even at relatively
high dimensions. The convergence of solutions is checked
by a visual inspection of the distribution of eigenvector
components in the oscillator basis (a bad convergence is
signaled by missing tails of the computed distributions)
and/or by trial calculations using variable size of the ba-
sis (we test the stability of computed eigenvalues against
an increase of the dimension). Our procedure guarantees
that the precision §F of individual eigenvalues satisfies
the condition 6 F < AFE, where AFE is an average spacing
between levels in the selected part of the spectrum. This
is needed for the determination of the nearest-neighbor
spacing distribution.

In order to make the net spectra of converged eigen-
solutions as large as possible, we optimize the oscillator
parameter Aqs. that determines a characteristic scale of
the basis wave functions. The procedure is based on the

determination of the A,s. value for which the trace of the
GCM Hamiltonian in the truncated basis is minimal (the
optimal choice of Aqs. is however lower than this value,
as empirically verified for the parameter ranges studied
here). Taking all these issues into account, we have found
that on a common personal computer one can employ up
to 10° basis states and obtain up to about 5 - 10* well
converging eigensolutions (exact numbers still depend on
the choice of external parameters).

An example showing all three classes of solutions—i.e.,
2D even, 2D odd, and 5D—is plotted in Fig. 1. Here, pa-
rameters of Eq. (4) were chosen such that the potential
has a minimum at 8 # 0. Although the spectra in the
three panels of Fig. 1 look different, very close similarities
become apparent when comparing also the corresponding
wave functions. This is done for selected levels in Fig. 2.
At very low energies, the system is fully regular since the
minimum of the potential (4) can be approximated by
a quadratic well. Wave functions belonging to this re-
gion are seen in the first and second rows of Fig. 2. On
the other hand, the region of mixed dynamics is exem-



plified by wave functions in the third and fourth rows,
which correspond to regular and chaotic cases, respec-
tively. Indeed whereas wave functions in the third row
exhibit regular behavior (the wave function is localized
within an area following some specific classical periodic
orbits [5]), wave functions in the fourth row show diverse
structures and cover the whole accessible area.

It should be noted that the 2D and 5D cases dif-
fer in the differential element needed to calculate the
probability distribution in the x X y plane. In the
2D quantization we simply have |U?P(z,y)]?dzdy =
|w2D(3,7)|?|T|dB dy, where J = 3 is the Jacobian of
the transformation from (z,y) to (8,7). The first two
columns of Fig. 2 show just the squared modulus of
the respective wave functions. In the 5D case, how-
ever, all matrix elements contain the measure N from
Eq. (6). In the rightmost column of Fig. 2 we show the
squared wave function |W°P(3,+)|? multiplied by a factor
N/J = p3|sin3y|. The resulting 5D density therefore
vanishes where sin 3y = 0, so it is visually similar to the
2D odd case, in spite of the condition (9). This is also
why the ground-state density in Fig. 2(c) has two max-
ima in each potential well, although the wave function
itself has no node.

Let us finally briefly remark on the choice of param-
eters in this work. It is closely connected with the
scaling properties of the GCM Hamiltonian discussed in
Refs.[13, 23]. In the classical case [13], only one of the
parameters {A, B,C} determines the scale-independent
behavior of the system, while the others and K can be set
to +1 or £1 for A. In the quantum case [23], the classical-
ity parameter k = h?/K (whose changes can be viewed
either as changes of the Planck constant, or as changes
of the mass) constitutes the second independent param-
eter of the model which cannot, in general, be scaled to
unity. This parameter determines the absolute density of
states.

In the following, we take B as the principal control
parameter and choose k to locate a sufficient number of
levels into the energy region of interest. The remaining
parameters are fixed to (4,C) = (—1,+1), which in the
nuclear context corresponds to nuclei with stable ground-
state deformations. For B = 0, the system is completely
integrable (since in this case the Hamiltonian does not de-
pend on v and the z x y angular momentum is an obvious
integral of motions). Therefore, the value of parameter B
represents the strength of a nonintegrable perturbation.

Let us note that all the above-introduced quantities
and parameters are considered here dimensionless. The
conversion to a concrete scale requires to choose the same
unit for energy F and parameters A, B, C, and k. In
nuclear context, the unit of {A, B, C} is set by the form
of the potential (e.g. the depth of the minimum). The
appropriate value of £ (connected with the effective mass
parameter K) can then be determined by adjusting the
number of states in a certain interval (e.g. below E = 0).
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III. SPECTRAL STATISTICS

According to Bohigas’ conjecture [9], chaotic systems
exhibit strong correlations between levels, which result in
an effect known as “spectral rigidity”. The short-range
component of these correlations is most clearly mani-
fested in the distribution of the nearest-neighbor spacings
(NNS), i.e. gaps between neighboring levels in a trans-
formed (so-called unfolded) spectrum. In fully chaotic
systems, this distribution is amazingly well approximated
by the Wigner distribution, while in systems with regular
classical counterparts the NNS distribution tends to be
Poissonian.

A suitable quantity allowing one to interpolate between
the two limiting cases is the Brody parameter w [24]. It
is defined through the distribution

P(s;w) = (w+ 1)aws” exp (—a,s“) | (10)

w+1
o r(55))
w41

where s is the spacing between adjacent levels in the un-
folded spectrum and «,, a factor resulting from the re-
quired conditions [;° P(s;w)ds = 1 (normalization) and
Jo" sP(s;w)ds = 1 (unfolding). Eq. (10) interpolates
between the Poisson (w = 0) and Wigner (w = 1) distri-
butions, hence a value w € [0, 1] obtained from a concrete
spectrum tells us where between order and chaos the ac-
tual system is. In spite of an artificial character of this
interpolation, it has been argued that the Brody distri-
bution is capable of fitting the data generated by realistic
systems with mixed dynamics [25].

We use the following procedure: Eigenstates obtained
by the Hamiltonian diagonalization in a sufficiently large
basis are split into groups (bins), each of them counting
1000 consecutive levels. The standard polynomial un-
folding procedure [26] is applied in each group, removing
locally a smooth part of the level density and normaliz-
ing the average spacing to unity. To obtain the Brody
parameter, we use the identity following from Eq. (10)
[27]:

Inln[l — I(s;w)] ' =lna, + (1 +w)lns. (11)

Here, I(s;w) = [; P(s';w)ds’ can be estimated from a
cumulative histogram of spacings in the unfolded spec-
trum. A simple linear fit of the expression on the left-
hand side of Eq. (11) in the logarithmic scale of variable
s yields the Brody parameter w for each bin of levels.
An example is shown in Fig. 3. The bins subject to the
above evaluations increase in energy and overlap with
each other (the shift between successive bins was set to
100 levels). The average energy of each bin is drawn on
the abscissa in the resulting dependence of w on E (cf.
Figs. 6-5 below).

Although the linear fit (11) can be easily implemented
and demonstrates the validity of the Brody approxima-
tion over a broad domain of spacings, it may increase
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FIG. 3: An example of the linear fit illustrating the deter-
mination of the Brody parameter from an unfolded spectrum
of levels within a single bin [it belongs to the dotted line in
Fig. 5(b) at E ~ 1.33]. The left-hand side of Eq. (11) is
denoted as T. The NNS distribution and its fitted Brody ap-
proximation (with w = 0.62) are shown (by the full line) in
the inset. Dashed and dotted lines correspond to Poisson and
Wigner distributions, respectively.

the relative weight of large values of s in the calcula-
tion of w [27]. We have performed a numerical simu-
lation showing that the value of the Brody parameter
determined in this way may be decreased by an absolute
value Awgyst ~ —0.08, while the statistical error result-
ing from finiteness of the sample of levels is estimated
as Awgtar &~ £0.07. These uncertainties should be taken
into account when evaluating the dependence of w on
energy, see Sec. IV.

We tried to implement also the new method [10] based
on the 1/f* noise in spectral fluctuations, with « € [1, 2]
corresponding to spectra in between fully chaotic (o = 1)
and fully regular (a = 2) limits. The advantage of this
method lies in its simple and elegant formulation (with
no explicit reference to random matrix ensembles) and in
the fact that it simultaneously captures both short- and
long-range spectral correlations.

In our case, however, the results were not quite satis-
factory. The reason—an insufficient statistics—may be
anticipated to be present in a majority of systems in
which the competition between regular and chaotic mo-
tions quickly varies with energy. Indeed, the work [10]
demonstrates the power of the 1/f¢ method on the Rob-
nik billiard that (as all billiard or cavity systems) ex-
hibits a constant, energy-independent ratio between reg-
ular and chaotic phase-space volume. This allowed the
authors to average over a huge number of successive sets
of levels and to get very precise results. In contrast, prop-
erties of individual GCM trajectories cannot be trivially
scaled with energy. This feature, which in fact repre-

ﬁeg

FIG. 4: Regular fraction freg of the classical phase space as a
function of the control parameter B and energy F in a vicinity
of E =~ 0. The degree of chaos is coded in shades of gray, with
white (black) corresponding to complete order (chaos). One
may notice an island with increased regularity near B = 0.6.
The number of bins in the B direction is much larger than
that in the E direction.

sents an important motivation for the detailed analysis
of the present system, results in a significant increase of
the statistical error of the deduced (energy-dependent)
exponents «, in some cases even exceeding 30%.

IV. RESULTS

In this section, we will compare the quantum measure
of regularity (Brody parameter) obtained in the way de-
scribed in Sec. III with the corresponding classical mea-
sure. We will focus on the influence of the different quan-
tization schemes and on the dependence of results on the
classicality parameter k.

In our previous work [12, 13], classical measures of
chaos in the geometric model were studied. We solved
the classical equations of motions for a number Ny
of trajectories with fixed energy E and then, using the
method based on so-called alignment indices [28], classi-
fied each trajectory as either regular or chaotic [13]. In
order to quantify the overall degree of regularity at given
energy, we calculated a regular fraction of the phase space
freg = Nreg/Ntot, where Nyeg represents the number of
regular trajectories in the sample. The regular fraction
freg takes values from 0 (fully chaotic dynamics) to 1
(fully regular dynamics) and it can be compared with an
adjunct (1 — w) of the Brody parameter.

In the classical case, the dependence of foz on en-
ergy and control parameter B exhibits very complex non-
monotonous behavior, which is for energies around £ = 0
depicted in Fig. 4. The following features of this depen-
dence are worth mentioning: First, the system is regular
for small values of B, since B = 0 represents a fully inte-
grable limit of the model (see the end of Sec. IT). Second,
a well-pronounced island of regularity in a wide range of
energies is observed at B ~ 0.6. As shown in Ref. [16],
this region is connected with the so-called regular arc
of the interacting boson model [14, 15]. Third, increased
values of the regular fraction are observed for some values
of B at E ~ 0. The absolute energy E = 0 corresponds
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FIG. 5: A comparison between the classical regular fraction
freg (panel a) and an adjunct (1 —w) of the Brody parameter
(panels b and ¢) for B = 0.62 (the main maximum of regular-
ity at £ = 0). Results for different values of « in the 2D even
case are shown in panel (b), while results for different types
of quantization for k = 25 - 10~° are presented in panel (c).
A reasonable agreement of classical and quantum measures
is observed. The jittering of individual curves is caused by
statistical errors.

to a local maximum of the potential (4) at 8 = 0.

Figures 5—7 depict the dependence of both measures
Jreg and (1 —w) on energy. The classical measure is al-
ways shown in the uppermost panel. The value of the
Hamiltonian parameter B in the three figures was cho-
sen as B = 0.62, B = 1.09, and B = 0.24, respectively,
with regard to the location of some extremes of regular-
ity at F =0 [12]. The energy range shown in the figures
represents the most interesting region, lying between the
domains of full regularity at very low and very high ener-
gies. For energies just above the global minimum of the
potential the system is entirely regular due to the valid-
ity of the harmonic-well approximation. With increasing
energy, the regularity suddenly breaks down and con-
tinues falling sharply until it nearly reaches zero. After
this stage, it takes off again, somewhat surprisingly, and
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exhibits several well pronounced peaks of highly regular
motions, which are separated by valleys of more chaotic
dynamics. These structures can be seen in Figs. 5-7.
For sufficiently high energies, not shown in the present
figures, the regularity starts growing steadily toward the
fully regular limit, following roughly a logarithmic de-
pendence. This is connected with the dominance of the
3% term of the potential at high energies [12, 13].

The lower panels of Figs. 5-7 show the corresponding
quantum measure, the adjunct of the Brody parameter.
In accord with the discussion in Sec. III, we estimate the
absolute errors of the (1 —w) curves as —0.07 and 40.11.
The reason for different error sizes in up and down direc-
tions is the above-discussed systematic error, which tends
to underestimate the value of w. On the other hand, a
numerical error of freg was estimated as < 5% [13]. If the
errors are taken into account, the fluctuations observed
in the lower panels of all three figures are smoothened out
and the overall correspondence between freg and (1 —w)
becomes rather good. In particular, the observed max-
ima and minima of both curves coincide. It turns out
that the Brody parameter tends to slightly overestimate
the regularity—this being so even if the above system-
atic error is considered. Note that a similar behavior
was observed for the exponent « in the 1/ noise anal-
ysis [10]. Indeed, there is no reason to expect that fieg
and (1 —w) behave in exactly the same way. We only ex-
pect a qualitative agreement, and that is fully confirmed
in the present calculation.

A remark is needed concerning the minimum seen in
Fig. 5(b) just below E = 0 for lower values of . It has no
apparent counterpart in panel (a). Indeed, this minimum
is only an artifact connected with the resonance of § and
~ vibrational energies at B = 0.62 [16]. The appearance
of nearly equidistant bunches of levels in the resonance
region causes a serious deviation of the NNS distribution
from the Brody form, which results in a nonrealistic value
of the Brody parameter. The discrepancy is localized
only in a relatively narrow interval and gets washed out as
Kk increases (the incriminated energy region is populated
by a decreasing number of levels; a similar effect was
discussed in Ref. [29]).

The dependence of the quantum results on the classi-
cality constant s is shown in Figs. 5(b) and 6(b). We
observe that the value of k does not affect the energy
dependence of the Brody parameter. Mutual deviations
of the curves for various « are bound inside the standard
error interval. Instead, the curves for distinct « differ
in the width of the displayed energy range. It has the
following reason: Since a decreasing value of the classi-
cality parameter raises the density of the spectrum, the
plots for smaller x are more detailed but cannot reach
higher energies because of computational limitations of
the diagonalization procedure. In our case, 3 - 10* re-
liable energy levels were calculated for each value of &
(the dimension of the diagonalized matrix being about
two times larger) and the curves are cut at the centroid
energy of the uppermost bin of levels (see Sec. III).
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FIG. 6: The same as in Fig. 5, but for B = 1.09 (a minimum
of regularity for E = 0). Only the 2D even quantization is
analyzed for different values of x.

1-
B=0.24
(a)
—— Classical regularity
reg
o T T T
0 2 E 4
1-
1-0
01—

FIG. 7: Classical (a) and quantum (b) chaotic measures for
B = 0.24 (a minimum of regularity for £ = 0). Only re-
sults with x = 25 - 1075 are shown in panel (b) for various
quantizations (fluctuations are caused by statistical errors).

The dependence of the quantum measure of chaos on
the method of quantization is shown in Figs. 5(c) and
7(b). As was demonstrated in Fig. 1, the spectra ob-
tained by the three types of quantizations (we consider
the 2D quantization scheme further split into the odd and
even cases, see Sec. IT A) differ from each other distinctly.
The question concerning the validity of Bohigas’ conjec-
ture in all quantizations has been raised above. The an-
swer is evident from the present results: The Brody pa-
rameter for all quantization schemes exhibits essentially
the same dependence on energy, the mutual deviations
being fully within the range of standard errors. There-
fore, we can report that full agreement with Bohigas’ con-
jecture is confirmed in the present model independently
of the chosen quantization scheme.

V. CONCLUSIONS

We have studied the correspondence between classical
and quantum measures of chaos in the geometric collec-
tive model adopted from nuclear physics. In spite of its
conceptual simplicity, the model exhibits enormous com-
plexity of solutions, with a very sensitive dependence of
the observed behaviors on external parameters and en-
ergy. These features qualify the model for being a subject
of detailed analyses of the competition between regular
and chaotic modes of motions on both classical and quan-
tum levels.

Although the dependence of chaotic measures on some
external control parameters has been extensively studied
in quantum billiards, see e.g. Refs. [30, 31], the depen-
dence on energy has been marginalized so far. This is
partly because billiard systems do not permit this kind of
analysis—their chaotic features are always uniform in en-
ergy. Even the studies based on “soft” potential systems
have been so far focused mostly on the cases with a rela-
tively simple energy dependence of chaotic measures, see
e.g. Refs. [22, 29, 32]. The collective Hamiltonians used
in Refs. [14-16] and also those studied in Refs. [12, 13]
provide a very different perspective. In this sense, the
present work can be considered as complementary to the
studies based on two-dimensional billiard systems. We
have demonstrated that a tight connection between clas-
sical and quantum measures of chaos, embodied in the
well-known Bohigas’ conjecture [9], remains valid even
under the condition of a strong energy dependence.

Another important conclusion of our work is the ob-
served independence of quantum chaotic measures on the
method used to quantize the system. Since the defini-
tion of quantum chaos is based on the system’s semi-
classical limit, it would be very surprising to find the
opposite—i.e. statistical properties of spectra depending
on the quantization. However, the question deserves to
be tested. The present work is probably only a first step
in this direction.

Finally, our results show that the Brody parameter,
despite of being often deprecated, represents a reason-



ably sensitive measure of chaos in quantum system. We
nevertheless do not stop at this stage. In the forthcoming
part of this paper [17], features of the geometric model
are analyzed with the aid of the method proposed by
Peres [18]. This method enabled us to study the break-
down and reoccurrence of ordered quantal spectra with
running parameter B in a much more detailed way.
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APPENDIX A: HAMILTONIAN MATRIX
ELEMENTS

Here we expose the 2D and 5D oscillator wave func-
tions used for the diagonalization of both versions of the
GCM Hamiltonian for J = 0 and write down explicit
expressions for relevant matrix elements. There exists a
tight connection between the 2D and 5D bases, which
shows up particularly in the form of matrix elements.
Note that our derivation of matrix elements is based on
Ref. [33], but an alternative algebraic approach was re-
cently presented also in Ref. [34].

We employ the 2D and 5D oscillator bases in radial
coordinates § and 7. The oscillator Hamiltonian is given
by HS. = T* + Aosc$%, where @ =2D or 5D and T is
the kinetic energy (7) or (5). The oscillator eigenstates
in the 2D and 5D cases are denoted as |[nm) and |vu),
respectively, where n and v represent the corresponding
radial quantum numbers. These states are also eigen-
states of the angular momentum associated with the ro-
tations varying angle ~, therefore they carry good quan-
tum number m corresponding to the O(2) invariant in the
2D case, or p corresponding to the O(5) invariant with
J = 0 in the 5D case [35]. Matrix elements of a gen-
eral GCM Hamiltonian in these bases can be calculated
analytically.

Starting with the 2D case, the basis wave functions
read as

(B:7lnm) = WiD (B,7) = R, (53 (7)
with the radial and angular parts given by

(A1)

2kn! 3m 2
 (R6%) 7 e 72 Ly (k3)

2D —
Rnnt (ﬂ) - (n + 3m)

1

), (7) = ﬁsini’)my m=0,1,...
or if m =0

P (1) =4 V" T (A2)
/= €08 3mry ifm=1,2,...

Here, L denotes the Laguerre polynomial and k =
V2Aosc K /. The angular part is written for both odd
(O) and even (E) cases. Note that we have applied the
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symmetry condition (8), selecting only the states with
angular momentum quantum numbers equal to multiples
of 3. The states are normalized as follows,

/0 R2D (3)R2D,(8)3df

27
0

with X standing for O or E.
Following Ref. [33] (where however a different normal-
ization of Laguerre polynomials is used), we can calculate
the relevant matrix elements. First, the oscillator Hamil-
tonian itself trivially yields
(n',m/|H22|nm) = hQ(2n + 3m + 1)0mbmm »

osc

(A4)

where Q@ = /2A.s./K. To calculate matrix elements
of a general Hamiltonian H?P, we need to know matrix
elements of the individual terms in V' = (A — Agse) 3% +
B3 cos 3y +CB3%. The radial parts of these elements can
be read off from Tab. I and the angular contribution is
given by

L .
(n',m+ 1| cos 3y|nm) = { V2o (A5)
2

(for other combinations of basis states, the matrix ele-
ments vanish).

Let us turn now to the 5D case. Following the same
procedure as above, we express the wave function

(B.7lvi) = W30(8,7) = Ry (B)PP(v)  (A6)
with radial and angular components
R5D(6): 2v! k% (kﬁ2)%eigﬁ2[/3“+%(k’62)
" T (v +3u+3) ’
5 2u+1
P () = || T Pulcos 39) (AT)

satisfying the normalization

| RO RRE) s

0
2
x / P (1B () |sin3y| dy = buubr . (AS)

In analogy with (A4) we have
(W' W [ HoRlvp) = R (20 + 3p+ 5) 60y -

osc

(A9)

The radial matrix elements can be simply obtained from
Tab. I after substitution n — v, m — u on the left-hand
side, and n — v, m — p + 1/2 on the right-hand side.
The angular part reads as

p+1
VERu+1)(2n+3)

(', 1+ 1] cos 3ylp) = (A10)
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TABLE I: Matrix elements of the radial potential terms in the 2D oscillator basis. Matrix elements for other combinations of

the oscillator states are zero.

(nm|B%nm) = k™' (2n +3m + 1)

= -k '/(n+1)(n+3m+1)

5
\
3
+
=
B
E

= k32 /(n+3m+3)(n+3m+2)(n+3m+1)

= -3k /n(n+3m+2)(n+3m+1)

(n—2,m+1|8%n
(n—3,m+ 1|ﬂ3|n
(nm|ﬁ4|nm

— _k73/2

3

=3k732/n(n—1)(n+3m+1)
n(n—1)(n—2)
=k n(n—1)+(n+3m+1)(5n+3m+2)]

(n+1,m|B*nm) = —2k">(2n+3m+2)\/(n+3m+1) (n+1)

s L s

(n+2,m|B" nm) = k2/(n+3m+2)(n+3m+1)(n+2)(n+ 1)
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This is a continuation of our paper [Phys.Rev.E 79, 046202 (2009)] devoted to signatures of
quantum chaos in the geometric collective model of atomic nuclei. We apply the method by Peres
to study ordered and disordered patterns in quantum spectra drawn as lattices in the plane of energy
vs. average of a chosen observable. A good qualitative agreement with standard measures of chaos
is manifested. The method provides an efficient tool for studying structural changes of eigenstates

across quantum spectra of general systems.

PACS numbers: 05.45.Mt, 24.60.Lz, 21.60.Ev

I. INTRODUCTION

In the previous part of this article [1] (Part I), we
have analyzed the correspondence between classical and
quantum signatures of chaos in the Geometric Collective
Model (GCM) [2] of nuclear vibrations. Rotations were
ruled out by the constraint of zero angular momentum.
The classical version of this model was previously shown
[3] to exhibit a very complex dependence of regular and
chaotic measures on control parameters and energy.

In Part I [1], we have compared the classical measure
freg, & regular fraction of the phase space volume, with
the adjunct (1—w) of the Brody parameter. The analysis
of spectra was performed in a wide energy domain and
for several values of the control parameter B of the GCM
Hamiltonian. Spectra obtained via different quantization
schemes of the classical model were considered, which
led to the use of three different sets of quantum levels,
denoted as 5D, 2D even, and 2D odd. Whereas the 5D
spectrum corresponds to the standard five-dimensional
GCM restricted to the nonrotating case, the 2D even and
2D odd spectra were derived from the quantization in the
two-dimensional space of polar deformation coordinates
0 and 7, with the respective condition on the parity of
wave functions under the reflection of angle ~.

In all cases, the validity of the Bohigas conjecture [4]
has been fully confirmed. We stressed two important as-
pects of our calculation: First, Bohigas’ conjecture has
been verified independently of the quantization scheme.
Second, because of the strong dependence of the GCM
chaotic measures on energy, the competing types of level
statistics have been analyzed in the local regime, i.e. for
separate portions of the spectrum. Whether the statis-
tics in a given portion is more of the Poisson or Wigner
type depends on the character (regular or chaotic, re-
spectively) of the classical dynamics in the correspond-
ing energy interval. The nonmonotonous dependence of
chaotic measures on energy is in contrast to a majority
of systems used as case examples of chaos, in particular
to all kinds of billiards (or cavities) for which the chaotic
features are energy independent.

In this part of the contribution, we continue the work
initiated in Part I by considering more sophisticated tech-

niques to describe chaos in quantum spectra. Given that
the Brody parameter captures only the short-range spec-
tral correlations, a natural way to extend the previous
results would be to consider also some measures of the
long-range correlations, like e.g. the Ajz statistics or the
number variance %2 [5]. This way we did not follow. The
reason is connected with the above-mentioned nontrivial
variation of chaotic measures with energy, which would
unavoidably increase statistical ambiguity of such analy-
ses.

Instead, we employed the method invented in 1984 by
Peres [6]. While Bohigas’ conjecture, which was pub-
lished in the same year [4], has become a widely rec-
ognized paradigm of quantum chaos, Peres’ method has
been more or less forgotten. It is mentioned in the text-
book [7], where some applications in integrable and non-
integrable spin systems are discussed [8]. An application
in a billiard system was presented later [9]. Today, how-
ever, Peres’ name is more commonly cited in connection
with his alternative definition of chaos in quantum sys-
tems [10], submitted and published with a difference of
just few days, which became a cornerstone for presently
a quickly expanding branch of the quantum information
theory [11].

Nevertheless, the idea of Ref. [6] turns out to be
very fruitful, as well. We will show below that the
method based on this idea represents a sensitive probe
into the competition between regular and chaotic fea-
tures in quantum spectra. It can be applied even beyond
the theory of quantum chaos, as a synoptical indicator
of the changing structures across the spectrum contain-
ing possibly a very large number of states. In the two-
dimensional case, the method is graphical and may be
compared to the classical method of Poincaré sections.
The spectrum of stationary states of a given quantum
system with two degrees of freedom is drawn as a lat-
tice in the plane E x (P), where E is energy and (P)
stands for an arbitrary observable average. This allows
one to recognize ordered and disordered patterns and vi-
sually allocate regular and chaotic domains within the
same energy interval. The freedom in choosing observ-
able P makes it possible to focus on various properties of
individual states and to closely follow the way how chaos
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sets in and proliferates in the system.

The plan of the present paper is the following: Peres’
method is introduced in Sec. II and elaborated for the
geometric model in Sec. III. Section IV shows Peres lat-
tices calculated with two choices of operator P for differ-
ent values of control parameters and different quantiza-
tions. Discussion of these results and their comparison
with results of Part I are presented. The summary and
conclusions come in Sec. V.

II. PERES METHOD

Let us consider an integrable system with two degrees
of freedom (a 2D system). Apart from the Hamiltonian
Hy, there must exist another integral of motion, denote it
I, which by definition satisfies the commutation relation
[Ho, I] = 0. If we plot the eigenvalues I; of observable I
against energies E; for individual levels (enumerated by
integer ¢ = 0,1,2,...), the resulting image is formed by a
lattice of regularly distributed points. This is a straight-
forward consequence of the semiclassical quantization by
Einstein, Brillouin, and Keller (EBK) [12]. An example
of such a regular lattice is shown in panel (a) of Fig. 1,
with Hy and I described in Sec. III. In the present section
we focus on the left column of the figure until specified
otherwise.

The kind of lattice described above is commonly used
to analyze some analytic aspects of quantum integrable
systems, see e.g. Ref. [13]. In the present context, it is
a natural starting point for the explanation of the Peres
method. To continue, we introduce a perturbation H' to
the integrable Hamiltonian Hy, which yields a noninte-
grable Hamiltonian

H = Hy+ \H', (1)

with X standing for a real number measuring the strength
of the perturbation. Obviously, I does not commute with
H since [H',I] # 0 in general, hence I is not any more
an integral of motions. Consequently, the Hamiltonian
eigenstates [1);) are characterized by energies F;, but not
by fixed values I; of observable I. If we want to continue
with the 2D visualization of the spectrum as introduced
above for A = 0, the question raises what to draw on
the vertical axis instead of I;? Quite naturally, Peres has
chosen the expectation values (I); = (¢;|I|1;) of observ-
able I in individual eigenstates. This choice smoothly
connects the perturbed (A # 0) and the unperturbed
(A = 0) cases since (I); — I; for A — 0.

Such lattices are shown in panels (b)—(e) of Fig. 1 (left),
where the general parameter A from Eq. (1) is replaced
by the model-specific parameter B, see Sec. III. As can
be seen in panels (b)—(d), adding a small perturbation
to the integrable Hamiltonian does not instantaneously
break down the entire regular lattice. Instead, some lo-
calized seeds of distortion are created, while the rest of
the lattice remains ordered in the same fashion as in the

integrable case. This scenario is in accordance with Per-
cival’s conjecture [14] assuming that the sets of regular
and chaotic eigenstates are statistically independent in
the semiclassical limit & — 0, i.e. they do not interact
with each other. Therefore, the persisting regular parts
of the lattice can be associated with surviving remnants
of classical tori, while the disordered parts correspond to
proliferating chaotic orbits.

As the perturbation strength A grows, the remnants
of tori are gradually disappearing and disorder tends to
increasingly plague the lattice. This is demonstrated by
an almost totally disordered lattice in panel (e) of Fig. 1,
where only a few low lying states keeps the regular pat-
tern.

The above-outlined visual method implies a great
heuristic gain. It allows one to judge which parts of a
mixed spectrum (or, in optimal cases, which individual
states) are regular and which are chaotic. Let us stress
that this is opposite to traditional methods of quantum
chaos based on the spectral statistics since in that case
regular and chaotic (or mixed) parts of the spectrum can
only be specified by energy. In the present approach,
these parts can coexist within the same energy interval,
the additional information needed for their separation
being obtained from the behavior of the averages (I);.

In practice, there certainly exist severe limitations in
the ability to distinguish from each other the regular and
chaotic patterns in a finite lattice. The identification
of these patterns is further obscured by the fact that
they may be superimposed on each other (as shown be-
low). It should be stressed that the Peres’ method is
not quantitative—it does not yield (at least not directly)
a calculable measure of quantum chaos which could be
compared with other measures like, e.g., the Brody pa-
rameter.

In spite of these limitations, however, the method has
a great potential to disclose important features of the
mechanisms governing the breakdown of integrability and
rise of chaos in low-dimensional systems. Its great ad-
vantage is that the structural information on individ-
ual eigenstates is represented by a single variable (the
average of a suitably chosen observable), which allows
one to use a simple visualization technique incorporat-
ing simultaneously a large number of states. Note that
in higher than 2D cases, the spectral lattice would have
to be drawn in a multidimensional space, which would
require to develop a sophisticated computer software for
pattern recognition. Here, as we only deal with two-
dimensional systems, the most efficient software is that
already built in the human brain.

Peres originally introduced his method in a more gen-
eral way. He started from the simple fact that the time
average of an arbitrary classical observable is a trivial in-
tegral of motion (similarly as any function in the phase
space which assigns a constant value to all points of the
same trajectory). This makes it possible, for an arbi-
trary system, to create an unlimited number of integrals
of motion. Of course, this does not alter the fact that
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FIG. 1: Peres lattices for J = 0 eigenstates of the geometric collective model in the “2D even” quantization (see Sec. III).
The points represent individual eigenstates with coordinates F; (energy) and (P); (expectation value of the respective Peres
operator). Two Peres operators, L? and H', are employed, the results shown in the left and right columns, respectively. Row
(a) corresponds to the fully integrable case, B = 0. Rows (b)—(d) depict the disturbance of the lattice with gradually increasing

nonintegrable perturbation until reaching the most chaotic case, B = 0.24 (e).

h=5-10"3.

the system is nonintegrable, in general. Indeed, the func-
tions corresponding to the new integrals are singular in
the chaotic part of the phase space, hence they do not
generally allow one to construct a transformation to the
action-angle variables. Nevertheless, the dependence of
time averages represents an interesting probe into the
system’s dynamics at given energy.

All quantities are given in relative units,

The time averaging can be applied in quantum me-
chanics, as well. Let us take an arbitrary Hermitian
operator P, which in the present context will be called
Peres operator. One can construct an operator P asso-
ciated with the time average of quantity P. This oper-
ator has the property that the time-averaged expecta-

tion value (P)|yy = limzr o %fOT(w(t)|P|w(t)>dt for
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an arbitrary initial state [¢/(0)) can be calculated as
(P)1gpyy = (¥(0)|P[(0)). The operator P is readily
obtained from the Heisenberg image Py(t) of P through

_ 1 /7T
P:Th—rgof/o Py (t)dt. (2)

It is now straightforward to see that P fulfills the com-
mutation relations [H,P] = 0, hence is an integral of
motion.

Peres showed that in an integrable system the set of
points E; versus P; (where P; is a fixed value of P in the
ith eigenstate) forms a smoothly deformed regular lattice.
This is so irrespective of the choice of the operator P
used for evaluating the averages. Even if we choose an
observable P which is not an integral of motion, P # I,
the corresponding lattice for an integrable system will be
ordered. The proof makes use of the EBK quantization
and the fact that in an integrable system any additional
integral of motion (including P) must be a function of the
actions (for an integrable system, P is constant on the
phase-space tori). Therefore, any distortion of regularity
of the lattice signals the onset of chaotic motions.

The expressions P; and (P); yield the same values and
can be interchanged. We call these values P-averages,
while the set of points F; versus (P); for an arbitrary (in-
tegrable or nonintegrable) Hamiltonian is denoted here as
the Peres lattice. Note that in Refs.[7, 9], a more pictorial
term “quantum web” was proposed.

We want to stress that there is no restriction in the
choice of the Peres operator P. Different choices give
different lattices, but the separation of levels into reg-
ular and chaotic parts of the lattice is independent of
the choice. This consequence of the Percival conjecture
will be discussed below. It is illustrated in Fig. 1, where
the right-hand column shows lattices for another Peres
operator than that used in the left-hand column. The
rows correspond to the same values of the perturbation
strength. We observe that the overall degree of chaos in
each adjacent pair of images is about the same. More-
over, it can be shown (cf. Fig. 2) that the states allocated
in the regular (chaotic) part of one lattice lie in the reg-
ular (chaotic) part of the other lattice, as well. [Note
that illusive differences in the numbers of points on both
sides of Fig. 1 (and some of the forthcoming figures) are
caused by eventual accumulation of multiple points with
very close coordinates.]

III. HAMILTONIAN AND PERES OPERATORS

In this section we briefly introduce the Hamiltonian of
the Geometric Collective Model (GCM) of atomic nuclei
[2] in a nonrotating regime and suitable Peres operators.
The model has been discussed in Part I [1]. The GCM
Hamiltonian H = Hy + BH’ consists of the integrable
part

Hy=T -3+ p* (3)

and a nonintegrable perturbation
H' = 33 cos 3y, (4)

where polar coordinates # and - stand for dynamical
variables (shape parameters) and T is the kinetic en-
ergy, which involves the associated momenta [1]. The
corresponding Cartesian coordinates read as (z,y) =
(B cos~y, Bsinvy), with the momenta transformed accord-
ingly. Parameter B is the perturbation strength, a
model-specific version of the above-introduced general
variable A. This choice corresponds to the GCM potential
V = AB? + BB33 cos 3y +CpB* [1] with (A, C) = (—1,+1).
As C is positive, the Hamiltonian for any energy E de-
scribes motions confined within a finite domain of 3. The
three degenerate global minima of the potential V' are
located at 3 > 0,y = § or 0 (for B > 0 or < 0, respec-
tively), and a single local maximum is at 5 = 0. As in
Part I, all quantities are considered dimensionless.

We take into account two different and physically rel-
evant quantization schemes, which are connected with
two- and five-dimensional versions of the system (here-
after referred to as 2D and 5D cases, respectively) [1].
The kinetic term T is different for both schemes, nev-
ertheless in both cases it is proportional to the squared
Planck constant over 2K, where K stands for an effective
mass parameter of the system. The fraction x = h*/K
is called the classicality parameter. The value of this pa-
rameter adjusts the absolute density of quantum spectra.
In the following we set K = 1 and vary the value of A.
The diagonalization of the Hamiltonian is performed in
the appropriate 2D or 5D harmonic oscillator bases. The
2D case is further split to even and odd case, referring
to the symmetry or antisymmetry with respect to the
v — —7 inversion.

A set of eigenenergies and eigenvectors is obtained, for
which the Peres lattice is constructed. We consider two
types of the Peres operator. The first one is identified
with the square of the angular momentum operator L
connected with the rotations varying angle . In the 2D
case, this is the Casimir invariant of the O(2) algebra of
rotations in the (3, ) plane:

82
o7

cf. Eq. (7) of Ref. [1]. Note that the L3, eigenvalues,
indicated in the last equation, involve multiples of 3 due
to the required symmetry of the eigenfunctions with re-
spect to rotations about angle 27/3 [1]. In the 5D case,
L? is the Casimir invariant of the GCM algebra O(5) [15]
restricted to value J = 0 of the O(3) angular momentum
(null rotations in the ordinary space). We have

L3, = h? ~ BPm?, m=0,3,6,..., (5)

2

2 .
Z Gin3yv—
sin 3y Oy S 787

5D —

- Bu(w+3),  (6)
v=0,3,6,...,

cf. Eq. (5) of Ref. [1]. The eigenvalues of this operator
are enumerated by an integer v (in the nuclear context



called seniority), which for J = 0 again has only the
values equal to multiples of 3 [15].

For the Hamiltonian eigenstates, L3, and L2, take
the values from Egs. (5) and (6), respectively, only for
B =0, in which case the L? operators commute with the
Hamiltonian. For B # 0, the energy eigenstates ¥, (3,7)
are mixtures of states with different values of m or v. In
any case, the average (L?); quantifies oscillations of the
wave functions ¥, in the direction of angle v (examples
shown below).

The second Peres operator used in our analysis is iden-
tified with the perturbation H' from Eq. (4). It is worth
noting that the expectation value of H' in an eigenstate
[1);) of the general Hamiltonian (1) coincides with the
derivative dE;/dA of the ith energy level at the given
value of the control parameter. In the present case, the
angular part of the Hy eigenstates has the property that
(cos 37v); = 0, hence

dE;
dB |5_,

<Hl>i|B:0 = =0 (7)
(see the upper right panel of Fig. 1). The vanishing slope
at B = 0 is consistent with the symmetry of the spectrum
E;(B) under the reflection B — —B. If B # 0, however,
the average is generally nonzero and satisfies (H'); =
(E; — (Hp);)/B. The disturbances in the P = H' lattice
therefore show up as departures of individual points from
the line (H'); = 0, as seen in the right-hand column of
Fig. 1. This facilitates the visual inspection of results.

IV. RESULTS AND DISCUSSION
A. Comparison of Peres lattices

The effects accompanying the decay of regularity in
Peres lattices were discussed from a general viewpoint
in Sec. II. Figure 1, which corresponds to the GCM in
the 2D even quantization with the above two choices of
the Peres operator, illustrates the gradual transition from
ordered to disordered lattices. Note that the case B =
0.24 depicted in row (e) corresponds to the minimum of
the classical regular fraction fieg, see Part I [1]. The
gradual onset of chaos in these lattices will be analyzed
in more details in Sec. IV C.

In Fig. 2 we compare Peres lattices obtained (for both
Peres operators) in the 2D even and 5D quantizations.
The value B = 0.62 belongs to the island of strongly
pronounced regularity close to the resonance of 3 and ~
vibrations, see Sec. IVD. The regularity shows up as a
large area of ordered points, which starts at the lowest
negative energies and spreads over to positive energies,
where it is joined by a rising chaotic area. Despite the
spectra for different quantizations show significant differ-
ences [1], the form of Peres lattices is rather similar.

In order to demonstrate the coincidence of the regular
and chaotic regions in the lattices for different Peres op-
erators, we have highlighted three of the states in the first
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row of Fig. 2, marking them by a square, a bullet, and
a diamond. Probability densities for the corresponding
wave functions are depicted in Fig. 3. The wave func-
tions as well as the location of the respective points in
the Peres lattice show that the square and the diamond
correspond to regular states, while the bullet represents
a chaotic state. In Fig. 2(a) we see that this assignment
is consistent for both choices of the Peres operator. Let
us note that both regular levels (a) and (c) in Fig. 3 ex-
hibit a large increase of the wave-function magnitude in
a region where a certain periodic trajectory oscillates in
the classical case [16].

Although, as emphasized above, we can choose an ar-
bitrary operator for plotting the Peres lattice, Fig. 2 in-
dicates that some operators may be more suitable than
others. For some choices, a part of the regular region
in the lattice can pervade into the chaotic area and hide
there behind a disordered mesh of points. In such cases,
one cannot decide whether a level inside a chaotic re-
gion is indeed chaotic. (On the other hand, overlapping
regular areas form a regular area again.) While there is
no doubt that these observations demonstrate limitations
of the Peres method, one can improve its resolution by
employing several incompatible Peres operators. Indeed,
Fig. 2 (right) shows that for the three highlighted states
a better choice of Peres operator is P = H’.

Figure 4 displays Peres lattices for 2D even quantiza-
tion with different classicality constant . In Part I, we
have shown that by tuning the value of k one scales the
absolute density of quantum states but does not affect
statistical properties of the spectra. Here we want to
show that these changes do not influence the main fea-
tures of the Peres lattice. The variations of the lattice
with & = 4,25,100 - 10~* for both Peres operators are
observed in rows (a)—(c) of Fig. 4. Note that B = 1.09 is
a value of the control parameter for which the system ex-
hibits very rich structures with well pronounced minima
and maxima of the dependence classical regular fraction
freg On energy (see the insets). A decrease of the x value
increases the density of states (the system gets closer to
the classical limit) and serves as a zoom into the sea of
levels: one can see finer details of the lattice but (because
of computational limits) a smaller fraction of the spec-
trum is available. For a comparison, the box in all panels
of the same column encloses a fixed region of energy X
P-average. It is seen that the structures observed in the
lattice become wealthier in details as x decreases, but
the overall appearance of the relevant part of the lattice
remains the same.

B. Links to classical dynamics

In Part I, we investigated the connection between the
classical measure of regularity fies (the fraction of the
regular phase-space volume) and the quantum measure
represented by (1 —w), where w stands for the Brody pa-
rameter. Our conclusion was that both measures entail
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FIG. 2: Peres lattices of the GCM at B = 0.62 with averages of L? (left) and H’' (right) for 2D even (row a) and 5D (row b)
quantizations (A = 5-107?). In row (a), three states denoted by full symbols are identified in both lattices, demonstrating that
the assignment of a given state to a regular or chaotic part of the lattice does not depend on the choice of the Peres operator.

-
e\

FIG. 3: Squared wave functions for the three marked states from Fig. 2 (2D even quantization). The states (a) and (c), which
correspond to the square and the diamond, respectively, are taken from the regular part of the lattice (the 1995th and 1885th
level, respectively) and exhibit well pronounced quantum scar effects. The state (b), associated with the bullet, belongs to the

chaotic part (the 1890th level) and shows an ergodic behavior.

qualitatively the same energy-dependent behavior, irre-
spective of the method of quantization. In the present
context, new questions appear, namely: How strong is
the correspondence between the behavior of f.., and the
character of Peres lattices? Or more specifically, is there
a correlation between ordered (disordered) parts of the
lattice and regular (chaotic) parts of the phase space?

In order to find an answer we plot figures showing the
dependence freg(E) in the insets of Fig. 4. Pure visual
inspection discloses strong correlations between the in-
crease of f..e and the occurrence of regular domains in
Peres lattices for both operators (L?) and (H').

Following the dependence in row (a) of Fig. 4 we find
free = 1 for negative energies and observe fully regular
patterns in the corresponding part of both lattices. This

is the domain where the quadratic-well approximation
of the GCM potential is valid. Note that the regular
pattern at low energies is present in Peres lattices for all
values of parameter B. At energies just below F = 0 the
classical regularity begins to drop (forming a small fold
at E =~ 0), which is manifested in the lattice of (L?) by
a band of disordered points with a small tail penetrating
to the regular area at zero energy. Passing through the
totally chaotic area with freg = 0 at 1 < E < 3, the
regularity begins to rise again. This is accompanied by a
formation of a new regular pattern in the lattices at large
values of (L?) or small values of (H').

One can switch to rows (b) and (c¢) of Fig. 4 and con-
tinue in the same manner. A remarkable phenomenon
appears at I/ ~ 35, where f.o; reaches for a while the
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FIG. 4: The GCM Peres lattices for B = 1.09 and different values of the Planck constant: & = 0.02 (a), 0.05 (b), and 0.1
(c). The 2D even quantization was employed with the same Peres operators as in the previous figures. Lower values of k
yield denser spectra, which can therefore be evaluated only in narrower energy intervals (numerical limitations). The box (red
online) encloses the same area in the three panels of each column. Insets show the dependence of the classical regular fraction
freg on energy (see Part I [1]) for the energy domain displayed in each row. One can observe that the fio; dependences are
correlated with ordered and disordered areas in the corresponding lattices in both columns.

value of full regularity. This somewhat surprising behav-
ior was discovered in Ref. [3]. Here we may trace the
signatures of regularity in the two Peres lattices. For in-
stance, the lattice in the lower right panel gets locally
contracted to a narrow interval of (H’) and develops a
highly organized pattern for £ > 35. Distortions of this
pattern start appearing at energies £ 2 50, where the
classical regularity is decreasing again. Let us note that
for energies much above the range shown in Fig. 4, the
order increases to the asymptotic value free — 1 for all
values of parameter B. This is due to the 8 term of the
potential which becomes increasingly important at high
energies, generating predominantly regular dynamics.

As explained in Sec. II, Peres invariants can be intro-
duced on both classical and quantum levels. One can
determine the classical analogue of the Peres operator P
and calculate its average (P). over an arbitrary trajec-

tory. In this way, a function in the classical phase space
can be constructed for any Peres invariant. In the right-
hand panel of Fig. 5, the function (L?). is shown (coded
in shades of gray) for a certain values of the control pa-
rameter and energy on the y = 0 section of the phase
space. Remind that (z,y) represent Cartesian counter-
parts of the polar coordinates (3,7), while (ps,p,) are
the corresponding momenta, and that there is no differ-
ence between 2D and 5D cases on the classical level [1].

On the left-hand side of Fig. 5, the standard Poincaré
section is plotted for 100 crossing trajectories. We ob-
serve that the chaotic area identified in the Poincaré sec-
tion is covered by one shade of gray in the map of (L?)..
This follows from the ergodicity of chaotic motions, which
ensures that any vicinity of each point in a chaotic phase-
space domain is visited by a single trajectory. Therefore,
almost the whole domain yields a single value of the clas-
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FIG. 5: The y = 0 section of the classical phase space (co-
ordinate x versus momentum p;) for B = 0.62 and E = 0.2.
Left: Poincaré section formed by crossings of 10? randomly
chosen trajectories with the plane of the section (103 crossings
for each trajectory). Right: Density plot of the Peres invari-
ant (L?) calculated classically across the section (on a mesh
of 500 x 500 points). Dark and light regions (low and high
values of the Peres invariant, respectively) contain regular tra-
jectories (see the left panel) and simultaneously correspond to
regular domains in the Peres lattice [see Fig. 2 (a) at F =~ 0.2,
where the regular domains are located at the lower and upper
sides of the lattice].

sical Peres invariant (with exceptions including periodic
orbits that however fill only a zero-measure subset of the
phase space). On the other hand, in the regular islands of
the Poincaré section the shade of the (L?). image grad-
ually changes.

The corresponding Peres lattice was shown in
Fig. 2 (a), with squared wave functions of the selected
states depicted in Fig. 3. The agreement with classical
results in Fig. 5 is remarkable. The trajectory respon-
sible for the “scar” of the wave function in Fig. 3 (a)
passes the central regular part of the phase-space section
in Fig. 5 close to (z,p,) = (—0.8,0), yielding a medium
value of (L?).. Indeed, the respective state (denoted by
the square) is localized in the medium part of the (L?)
Peres lattice. The trajectory contributing to the wave
function in Fig. 3 (c) falls to the dark regular regions of
the density plot in Fig. 5, which again corresponds to the
value of (L?) for the respective point (the diamond). A
comparison of Figs. 5 and 2 (a) indicates an excellent cor-
respondence between the results based on the Poincaré
and Peres methods (if the latter one is supplemented by a
classical calculation as in the right-hand panel of Fig. 5).

C. Decay of regularity

We return now to Fig. 1 in order to discuss in more de-
tail the mechanism of the transition from the integrable
dynamics at B = 0 to the chaotic B > 0 regime. As
pointed out above, in the integrable case (row a) the
quantity L? is an integral of motion and (H’) is identi-
cally zero.

Let us look at the curved chains of points apparent in
panel (a) of Fig. 1 (left). These chains, which begin at
(L?) = 0 and lead upwards, connect states with a con-

stant sum N = ng+m,, where ng is the radial quantum
number and m = 3m., represents the angular-momentum
quantum number (the latter increases towards the up-
per end of the chain). If the perturbation is turned on,
some of the points within the same chain start moving
against each other, forming a kind of “condensation cen-
ters”; see the left panels (b) and (c). A detailed inspec-
tion discloses that the most affected levels lie in the short
stretches of the chains which are nearly parallel with the
vertical axis. In other words, the perturbation is most
efficient for the states which are very close in energy and
in the value of (L?). Indeed, exploiting the perturbation
theory, we can say that if the perturbation matrix ele-
ment is nonzero (at B = 0, the operator H' couples only
the states differing in m, by £1), the proximity of levels
leads to an increased mixing. This in the present case
shows up as an attraction to a common value of (L?) for
the whole bunch. For B = 0 the vertical stretches are
developed in the chains located within the energy inter-
val 0 < F < 0.4 and, consequently, the corresponding
levels in these chains are most vulnerable if B starts to
increase. This is why small perturbations affect first only
a very limited part of the lattice, as observed in panels
(b) and (c).

If we continue increasing the perturbation, more and
more levels become influenced by the interaction. For
sufficiently large values of B, the levels start interact-
ing between neighboring chains and the whole structure
gradually breaks down, see Fig. 1 (d). For B = 0.24
(panel e) the lattice is totally disintegrated. We have
just reached the most chaotic parameter region, where
only the deepest levels form a regular lattice due to the
validity of the quadratic-well approximation.

The size of the perturbation can be quantified with the
aid of the other Peres operator, i.e. by the value of (H'),
which is displayed in the right-hand column of Fig. 1.
Rows (b) and (c¢) help to discover that not only the lev-
els with £ > 0, but also also a few of those with E < 0
become disturbed by a small perturbation (this was not
visible in the left-hand panels). For E > 0, we observe
several regular arcs of points at (H') > 0 and some more
disordered points with (H') < 0. Both these groups of
points correspond to the “condensation centers” appar-
ent in the left-hand panel. The (H') > 0 part of the
lattice contains states with {cos3~); > 0, hence 7 cen-
tered around values 0, 2?” and %’T (saddle points of the
potential). On the other hand, the (H') < 0 part col-
lects states with (cos3y); < 0, hence y ~ Z,m, 5% (global
minima of the potential). Examples of both these types
of wave functions will be given later in Fig. 6. It is some-
what surprising that the more regular part of the lattice
is connected with the states localized in the saddle-point
regions, whereas the states localized around the minima
seem to be more chaotic.

For moderate perturbation strengths, great majority of
points in Fig. 1 (right) remains located at (H') = 0, in-
dicating the absence of structural changes. These points
correspond to the unperturbed parts of the lattice in the
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FIG. 6: Squared wave functions of four successive eigenstates
(states no. ¢ = 52,...,55 at E from 0.059 to 0.076) of the
integrable B = 0 Hamiltonian (for 4 = 0.02) in the 2D even
quantization (the first row) and the same states for B = 0.005,
0.01, and 0.05 (the second, third, and fourth rows, respec-
tively). The respective values of both P-averages are given
in each panel. The first three states (arranged in columns)
are more sensitive to the perturbation than the fourth one, in
accord with the lattices in Fig. 1 (see the text).

left-hand column. As B increases, however, both posi-
tive and negative halves of the (H’) lattice become in-
creasingly populated and finally the negative (irregular)
part captivates absolute majority of points (row e). This
agrees with the disordered form of the lattice in the left-
hand column.

The changes of the Hamiltonian eigenstates accompa-
nying the above-described evolution of the Peres lattices
are illustrated in Fig. 6. Its first row presents four un-
perturbed (B = 0) wave functions (probability distri-
butions in the 2D even quantization), while the second,
third, and fourth rows demonstrate the effects of pertur-
bation (for B = 0.005, 0.01 and 0.05, respectively) on the
same states. The states correspond to four successive en-
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ergy levels, the associated values of both P-averages being
given in each case. Note that the value of x was chosen
differently than above, so the states cannot be directly
marked in Fig. 1.

The rightmost column of Fig. 6 represents a state
which is originally far away from the condensation cen-
ters in Fig. 1 (left). Indeed, this state resists the smaller
perturbation rather well. On the other hand, the most
pronounced structural changes at B = 0.005 and 0.01
are observed for the states in the first three columns of
Fig. 6. The states in the middle two columns belong di-
rectly to the condensation center of strongly interacting
levels and the state in the leftmost column is close to
it. One clearly observes the breakdown of the rotational
symmetry and a gradual crossover to a trifoliolate form
of the wave functions, particularly for the two states in
the middle. While the states with (H') < 0 are local-
ized more around the minima of the potential, the ones
with (H’) > 0 dwell more in the saddle-point regions. In
the fourth row of Fig. 6, which corresponds to the irreg-
ular lattice at B = 0.05, cf. Fig. 1 (c), all four states
are already perturbed. We observe that the form of the
rightmost state has been transmitted to the third state
in the last row and vice versa, as results from an avoided
crossing of both levels.

Finally, it is instructive to look also at the changes of
classical Peres invariants with parameter B. We have
calculated the lower and upper bounds of the classical
average (L?). and show the results for £ = 0 in Fig. 7.
As we see, the interval of (L?). is contracted almost to
a single value in the most chaotic case, B = 0.24, where
the ergodicity is maximal. Surprisingly, even the small
remnants of tori present there have the same value of
(L?).. If we step over the most chaotic point, several
new tori with higher values of (L?) appear, which results
in a widening of the interval between the bounds. Note
that the narrow “neck” in (L?) at E = 0 can also be
observed in the quantum Peres lattice in Fig. 1 (e).

D. A quasiregular region

Looking at the form of (L?) and (H') lattices in row
(e) of Fig. 1, one can notice two characteristic features:
(i) The centroid value of (L?) exhibits roughly a linear
increase with energy E. (ii) The lattice for (H') grows
linearly only at low energies, while for higher energies
it scatters around a roughly constant average. These
types of dependences in both lattices are qualitatively
understandable and remain approximately valid for all
increasingly high values of parameter B. Nevertheless,
the distribution of regular and irregular parts within the
lattices of the above forms exhibits a high degree of vari-
ability.

At the first sight, one could expect that the increase of
the perturbation strength in the GCM Hamiltonian from
|B] = 0 to |B| > 0 should lead to a monotonous progres-
sion of disorder, as described in the preceding subsection.
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FIG. 7: The lower and higher bounds (solid and dashed lines,
respectively) of the classical Peres average (L?); for E = 0.
The bounds almost touch each other at B = 0.24, where
the most chaotic region is located. Fluctuations of the lower
bound near E = 0.5 are caused by the appearance and disap-
pearance of small unstable tori.

Although this scenario is typical for many related systems
of type (1), see e.g. Refs. [17, 18], it does not apply in
the present case.

The GCM is peculiar in two respects. First, as shown
in Ref. [3], the classical regular fraction fes for negative
energies converges to unity for asymptotically large val-
ues of B, when the GCM Hamiltonian can be rescaled to
the form Hoo = T + * + B3 cos3y. Let us stress that
the type of order observed for £ < 0 in the B — oo
limit is totally different from the B = 0 case and that
in the asymptotic limit the regularity fades away at pos-
itive energies. Second, the competition between regular
and chaotic dynamical modes gets surprisingly complex
at medium values of |B|. The most important change in
this range takes place around B = 0.6, where extensive
regular patterns are established in the Peres lattices at
both low and medium energies, see Fig. 2. (Note that
the ordered dynamics at very high energies is connected
with the dominance of the 3* term of the potential [3].)

The B = 0.6 quasiregular region was briefly mentioned
already in Part I [1]. As shown in Ref. [19], it is closely
related to a so-called “arc of regularity” observed [20]
in the parameter space of the interacting boson model
(IBM) [21]. Although the IBM is a more sophisticated
model of nuclear collectivity that the GCM, it makes use
of a similar language (involving quadrupole degrees of
freedom) and yields comparable results. Since its discov-
ery, the IBM arc of regularity has been subject to several
analyses [19, 20, 22, 23]. Some interesting hints have
been disclosed, but many questions remained open.

In the GCM case, we observe a phenomenon very simi-
lar to the IBM arc. A comparison of Figs. 1 (e) and 2 (a)
provides a clear evidence for a large increase of regular-
ity between the two values of B. In fact, the pattern of
ordered points, which dominates in the low-energy part
of the lattice at B = 0.6, starts rising already before the
maximum of regularity is reached and persists long after

0.6- s | @B=0.52
(%)

0.3+

0.6

(L2

0.3+

FIG. 8: Peres lattice for (L?) in 2D even quantization (h =
5-1072) at B = 0.52 (a) and 0.78 (b). We see that the
regular pattern is present before and after the main peak of
regularity at B = 0.62, cf. Fig. 2 (a). Both panels contain
the same number of states. The insets depict selected wave
functions (diamonds in the respective lattices) demonstrating
the presence of 8 and ~ vibrations (only the sector around
the minimum v = 47/3 is shown in both cases). The state
in the upper panel (i = 17) is at E = —0.449, the lower one
(1 =1292) at £ = 0.021.

it is left. As an example, we show in Fig. 8 the (L?) lat-
tices for B = 0.52 (panel a) and B = 0.78 (panel b). It is
obvious that the low-energy parts of both lattices exhibit
a great deal of similarity with Fig. 2 (a).

The mechanism behind the E < 0 pattern of ordered
points visible in all (L?) lattices at medium and large
values of | B| is connected with a competition of two types
of vibrations. To show this, we apply the quadratic-well
approximation, valid for |B| > 0 at low energies above
the potential minimum. It relies on the local use of a 2D
oscillator potential

VATt LB pl 200 @)

where By and 7y stand for a position of the potential

minimum, and kg = (?926‘2/) and k, = (%27‘2/) for the
0 0

rigidity of the oscillator in # and  directions.




It turns out that the horizontal chains of points with
increasing energy, which can be observed in the lattices
in Figs. 2 (a) and 8 (a,b), correspond to states with a
growing number of B-vibration quanta ng. The vertical
arrangement of these chains, on the other hand, follows
an increasing number of y-vibration quanta n.. Such an
interplay of vibrational modes in both 8 and ~ directions
represents the basic organization principle for the low-
energy part of the (L?) lattices for |B| > 0. Remind
that this is essentially different from the B = 0 situation,
when the lattice was determined by vibrational modes
in B and rotational modes in . An example of a § x
vibrational state (its squared wave function) is shown in
the inset of Fig. 8 (a).

A simple calculation shows that at B = 2/3 = 0.66 one
gets kg = k, = 12. We encounter a resonance of the local
oscillator frequencies in 3 and -y directions, which leads to
an additional regularization of the lattice. Interestingly,
due to mutual interactions between levels the degeneracy
in a wide interval of energies becomes maximal already at
B = 0.62, where the main peak of regularity takes place.
The resonance is responsible for the “condensation” of
the (L?) lattice at E < 0 along a nearly horizontal line
of multiple points apparent in Fig. 2. Although in Fig. 1
a similar phenomenon was linked to initiating the first
seeds of disorder, its role in the present case is rather
opposite: it helps to clean up some disarranged parts of
the lattice. Let us stress that the proximity of levels im-
plies rapid structural changes with no immediate relation
to chaos. It can indicate a crossover to chaos as well as
emergence of order (imagine the scenario from Sec. IV C
played in the reverse direction—with B decreasing to 0).

It needs to be stressed that at B ~ 0.6 the patterns
emerging in the Peres lattice and in wave functions go
far beyond the quadratic-well approximation. Indeed,
as shown in Fig. 2, the ordered part of the lattice ex-
ceeds to medium energies, where the approximation de-
teriorates and even becomes completely invalid (this is
certainly so at energy Fg,q of a saddle point of the po-
tential, where the three regions around the minima merge
together and form a single connected area). Surprisingly,
even at F > 0 > Fjg,q a large fraction of states still keeps
the form with well distinguished (8 and y vibrations. This
is exemplified by a selected wave function in the inset of
Fig. 8 (b), where the vibrational pattern remains confined
around the potential minimum despite the fact that the
energetically accessible domain unifies all three sectors.
Note that peculiar § x « vibrational structures connect-
ing all sectors can be found in even higher eigenstates, cf.
Fig. 3 (c). One may therefore assume that the observed
regular island at B ~ 0.6 is due to a fortunate coinci-
dence of resonating § and v modes in both E < 0 and
E 2 0 domains.

Qualitatively the same explanation is valid also in the
IBM. There, the degeneracy of $ and ~ vibrations was
noticed empirically [23] and later supported by theoret-
ical arguments [19]. A detailed analysis of the § and
~ modes in the IBM framework is in preparation [24].
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The present work provides an independent verification of
this mechanism in the simpler GCM case. It also clearly
manifests the influence (probably specific for the present
form of potential) of the low-energy ordering of states on
the spectrum at higher energies, which is significant for
the large extension of the regular region.

V. CONCLUSIONS

In this paper, we have continued and exceeded the
work presented in Part I [1], whose main purpose was
to test the Bohigas conjecture for different quantization
schemes under the condition of a strong variability of
chaotic measures with energy. We have revitalized an
almost 35 years old method by Peres [6] and showed its
great potential in the field of quantum chaos and even
beyond.

Peres lattices provide an excellent viewpoint to the
landscape around the border between classical and quan-
tum physics. This is so especially for systems with two
degrees of freedom whose lattices can be drawn as two-
dimensional diagrams, in analogy with planar Poincaré
sections of such systems. If applied within the domain of
quantum chaos, Peres’ method enables one to distinguish
regular and chaotic behaviors on the level of individual
states or subsets of states within the same energy inter-
val. This is in contrast to traditional methods based on
spectral statistics that assign the same degree of chaos
to all levels within the same interval.

Quite naturally, there are some limitations of the
method. As seen, regular and irregular parts of the lat-
tice can in some cases be superimposed on each other,
which hinders their correct resolution. In particular, the
distinction of chaotic states may be ambiguous since a
superposition of two or more regular patterns may seem
irregular. Nevertheless, we showed that this problem can
in principle be bypassed by constructing more lattices
with different Peres operators. Their optimal choice,
which unavoidably depends on the concrete system un-
der consideration, should be subject to further study. Al-
though the Peres’ method does not directly yield a cal-
culable measure of quantum chaos, it represents an im-
portant indicator providing new insights into the origin
of chaotic behavior.

However, our intention in this paper was to go even
beyond the scope of quantum chaos, demonstrating that
Peres lattices represent an extremely efficient and eco-
nomic tool for studying significant features in large en-
sembles of eigenstates across the spectrum. Relevant
properties of the wave functions can be read off from
the expectation values of suitably chosen Peres opera-
tors. Instead of analyzing each individual eigenstate and
its wave function, one may look at the associated Peres
lattice where the desired information is contained in a
synoptical way. As an example, we were able to closely
follow the breakdown of integrability of the system and
the rise of a new type of order. We believe that the
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results presented here may encourage similar studies in
other systems.

The present work completes our long-term effort to
map chaotic properties of the geometric collective model
of nuclear physics [1, 3]. A great advantage of the ge-
ometric model (and also of the related interacting bo-
son model) is the apparent conceptual simplicity encod-
ing strikingly rich complexity of dynamics. Let us note
that the above simplified models capture the main phe-
nomenological features of nuclear collectivity which are
presently beside a fully microscopic description. The
study of disordered collective dynamics within these
models may be considered as an attack to the problem of
chaos in many-body systems from the direction perpen-

dicular to the mean-field approach.

An interactive survey of our main results can be found
at the website [25].
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Poznamka:

Seznam vlastnich praci je fazen chronologicky podle data publikace, pficemz nejprve
jsou uvedeny publikace v recenzovanych ¢asopisech (¢ernym pismem), nasledné ostatni
prace (Sedivym pismem).



Errata

Toto je dotisk originalni doktorské prace. V textu byly opraveny drobné preklepy, typo-
grafické a stylistické chyby. Vécny obsah ztistal nezménén.

Zde je uveden uplny seznam zmén:

Lyapunovovuv zménéno na Lyapunovuv v celém textu.

Strana 3, popisek obrazku 1.1:

Hamiltonidn zménéno na Hamiltonova funkce®.

Strana 6, 2. odstavec ¢asti 1.2.2:

Hamiltonidnem zménéno na Hamiltonovou funkci.

Strana 7, 3. odstavec:

Hamiltonidn zménéno na Hamiltonova funkce.

Strana 7, posledni odstavec sekce 1.2.2:

Véta Trajektorie tohoto systému jsou vZdy stabilni, dochdzi nejvyse k jejich linedr-
nimu vzdalovani. nahrazena textem Trajektorie tohoto systému jsou vZdy stabilni,
jejich vzdalovani je pomalejsi neZ exponencidlni.

Strana 12, vzorec (1.12):

Doplnén zlomek %

Strana 12, predposledni odstavec:

Odstavec s textem Uvedme zde poznamku k definici Lyapunovova exponentu (1.12).
odstranén.

Strana 14, prvni polozka seznamu e:

Oznaceni matice J nahrazeno J.

Strana 15, poznamka 13:

Vlozeno slovo anglicky.

Strana 17, konec prvniho odstavce:

Souslovi presto vsak nahrazeno slovem avsak.

!Termin Hamiltonova funkce je v praci vyhrazen pro oznaceni piislusné funkce v klasické fyzice —
narozdil od obecnéjsiho oznaceni Hamiltonian, ktery zastupuje i operator v kvantovém pripadé
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Strana 21, text za rovnici (1.33):

Hamiltonidnem zménéno na Hamiltonovou funkci.

Strana 24, konec 1. odstavce:

oznacime za zménéno na nazveme.

Strana 35, posledni odstavec sekce 1.3.6:

pojedndvd zménéno na pojedndvaji.

Strana 36, vzorec (1.66):

Doplnén zlomek %

Strana 52, posledni véta pred zacatkem sekce 2.2.4:

Véta Ilustrace je uvedena v bezprostredné ndsledujici casti. zménéna na [lustrace
je uvedena v nasledugici ¢dsti.

Strana 55, posledni véta:

Proni z nich, zobrazeny... zménéno na Pruni, zobrazeny. . ..

Strana 70, zacatek 2. odstavce:

alpha — 1 opraveno na a — 1.

Strana 91, 3. odstavec:

Véta Méjme uzivatelskou funkci, uloZenou v souboru algebra.txt, s takovymto
jednoduchym obsahem: nahrazena textem Meéjme uZivatelskou funkci, kterd je ulo-
zZena v souboru algebra.txt a obsahuje tyto jednoduché prikazy:

Strana 161-162:
Aktualizovany reference [Str09b], [Cej09a], [Mac09].
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